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Laptace'Donusumy Tanimi==

/

Elektriksel isaretler: Analog, sayisal

e Ses, gorluint, 1s1k, radyasyon, ultrason,
e Dontsturtculer

e Fourier Donusumu

e Sintisoidal isaretler

Kaynaklar

e DC kaynak + anahtar (Birim basamak), Stireksizlik noktasi

e Sireksizlik noktasinda tiirev
Dirac Delta fonksiyonu (Impulse)

e Sureksizlik noktasinda integral
Bir boyutu sifir olan alan

Y
Lineer Devrelere goriilen isaretler

e Dogru gerilim/akim
e AC gerilim/akim (S6ntimlii)
o Ustel gerilim akim

Baskent Universitesi, EEM X
202 Yrd. Dog. Dr. Selda GUNEY 3



/ﬁplace Donusumu Tanimi—
Oyle bir doniisiim olsun ki

e Differensiyel denklemin tam ¢6ziimiinii versin

¢ Tanim, Cevre ve Diigiim denklemleri Cebirsel olsun

g{f(t)}=j : f(t)e™dt

F(s)=="1i(1)}
f()= L *F(s))
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Laplace Donusumu Tani
/I Orjinde s'L'lrek'i

f (@) f(@)

3

Orjinde slreksi

()ful 10 ()*uls t>0
0,t<0
L [
0 0
(a) (b)

Figure: 12-01a,b
Copyright © 2008 Pearson Prentice Hall, Inc.

Alt limit t=0 da sureklilik/streksizlik
t = 0- alt limit alinir
t<0- ilk kosullarin olusumu
t = 0- ile t=0+ araliginda integral: (0)
Istisna: Impulse function (Dirac Delta)
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Basamak Fonks

_________ iyvonu (Step Fun

f (@)
Ku(t)=0, t<0,
Ku(t)= K, t>0. K
[
0

K=1
Birim basamak fonksiyonu
Unit step function

Basamak fonksiyonu(matematik model).
devrelerde Anahtarlamanin karsihgi:
dogru gerilim kaynaginin(DC) bir anahtarla devreye uygulanmasi.
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Basamak Fonksiyonus{Steg
()

K -
|
O.SK/ |
|
0" 0"
Ku(t)=0, t<O0,
Ki)=K >0
Ku(0)=05K

Teori*uygulama uyumlulugu
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Basame
Ku(t—a) =0,
Ku(t-a)= K,
Ku(a—t) =K,
Ku(@@a-t)= 0,
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[
t<a, K==~
t > a.
0 a
t<a, £ ()
t>a. %
0 a
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Basamak Fonksiyonu (Step Functi ‘

~ Ornek:

0
1 f(@)
0 i 2v " i .

Ll = —2t + 4

f(t)= RV

2% —8
= 2t[u(t) - u(t-1)]+ 2
+ (-2t +4)[U(t—1)_u(t_3)] —4 -

+(2t—8)|u(t—3)—u(t —4)]
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Dirtd Fonksiyonu (Impulse Function)~
/ "

£(0) @ f@

Degisken parametreli fonksiyon &(t): |
Degisken parametre 0 a giderken; |

|

I
Fonksiyon, t=0 da sonsuza gider, — 0 :e
Foksiyonun degisim araligi, O a gider, : " ge—a=9
Fonksiyon altindaki alan (1) dir. |
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Durtd Fonksiyonur(lmpulse Functi

/

T £ @)
[Komydt=K

o (K)+ (K) 4

o(t)=0, t=0 K5(r) K&(t — a)

K = strenght : | t

Dirac delta fonksiyonunun zamanda kayma 6zelligi (Shifting property):
f(t) t =a dasurekliise,

joo f (t)5(t —a)dt = f(a).
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Fonksiyonel Donusumler |

z{wy= | : f(t)e™dt

Sifting ozelligi: j f(t)s(t—a)dt= f(a).

Z{6(t) }= I E j S(t)Ldt=1

Zz{t)}r= 1
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F{é')}= s "o

Genellestirilmisi:
Z{pH}=s"n -

Z{imy=[ ft)edt
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“Fonksiyonel:Dénustmler

f(t)—u(t) & —0 ;_/

f'(t) —»o() €—0 70

O(t)= du(t)/d(t)
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" FonksiyonelDonlistimler
/

{w3= | : f(t)edt

1 st

ju(t)e‘Stdt =——ge ] 1
S S

=—=(0-1)==
S S

.
Z{u®)y= 1/s

Baskent Universitesi, EEM 202 Yrd. Doc. Dr. Selda GUNEY 15



"iiitn., O B B
).
U €

o

\

Z{iwy= | : f(t)edt

e s 1/[Ska)

e " t>0

Lk e )
0

Copvright © 2008 Pearson Prentice Hall. Inc.

Figure: 12-14
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“Fonksi

f()

JANNANS:
NIV

Copyright © 2008 Pearson Prentice Hall, Inc.

Z{sinot F= w/(s2+w?2)

Z{coswt }= s/(s2+w?)
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onel Donustiimler _—

/ g{f(t)}="': f(t)e—stdt

el = coswt + jsinwt
e 1" =coswt — jsinmt

T |
cosat = E(e“"t +e !9

sinat =i_(e"“’t —e J)
2]

cos(a+ B )=cosacos B —sinasinf
cos(a— f)=cosacos B+ sinasinf
2cosacos f=cos(a+ B)+cos(a— )

17



Fonksiyonel Doniisiimler

F{my=[  f(t)edt

Q0

j'te‘“dt =
J

i —st a —Stt
u=e> —du sed -_Ivdu=uv—judv

v=t —>dv=dt

- _[e‘“dt=(0—0)—%

0
0

= s{_[ te“dt} = -
* S

Tte‘“dt = iz
-

I— ste'dt=te™™
:

S
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Impuse

Step

Ramp
Exponential
Sine

Cosine
Damped Ramp
Damped sine

Damped cosine
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2 {0} = 0°° f (t)e dt

o(t)

u(t)

t

e-at

sinwt
coswt
te-at

et sinwt

e-at coswt
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1
1/s
1/(s?)
1/(s+a)
w/(s?+w?)
s/(s*+w?)
1/(s+a)?
w/((s+a)?+w?)

(s+a)/((s+a)2+w?2)

Fonksiyonel Donusumler

19



Islemsel Do

Bir sabit ile carpma

Tilrev alma

Toplama ve c¢ilkarma

2. Dereceden tlurev alma

n. Dereceden tirev alma

Integral alma

Zaman bdlgesinde kaydirma

S bdélgesinde kaydirma

Olcek degistirme

S bdlgesinde 1. tlrev alma

S bdélgesinde n. tirev alma

S bdlgesinde integral alma
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‘ Z{f(t)}y= j : f (e dt

KF(t)

£, (£)+F,(t)-F5(t)
df(t)/dt
d2f(t)/dt>2
dnf(t)/dtn

j f (x)dx
f(t-a)u(t-a), a>0
e-atf(t)

f(at), a>0

tf(t)

tnfi(t)

f(t)/t

Yrd. Doc. Dr. Selda GUNEY

KF(s)

F1(s)+F,(s)-F3(s)

sF(s)-f(0°)

$2F(s)-sf(0-)-df(0-)/dt

SMF(s)- s"1f(0-)-s"2 df(0-)/dt -dfr-1(0-)/dt
F(s)/s

eF(s)
F(s+a)
(1/a)F(s/a)
-dF(s)/ds

(-1)" dnF(s)/ds"

TF(u)du

20



b e

4. (S) = - l g
S
Ilk kososulla (0)ise:
V, (s) = LI, (s)
1.(s) =sCV_(s)
Vi (s) =RIg(s)

Baskent Universitesi, EEM 202

Figure: 12-16
Copyright © 2008 Pearson Prentice Hall, Inc.

| i€

V)= +(1/RC)s+(1/ LC)

Yrd. Doc. Dr. Selda GUNEY
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/Ters Laplace'Dontsumu—=

Devre coziimleri s-domeninde rasyonel fonksiyonlar

_N(s) as"+a,,5" +..aS5 +a,

F (S) % i m m-1 1
D(s) bs"+b_,s +..bs +h,
e Proper rational n<m
e Improper rational m<n

Rasyonel fonksiyonlar basit kesirler (Partial fraction expansion)
toplami biciminde yazilabilir.

Bu basit kesitlerden de Laplace dontisiimiiniin
dogrusalligindan yararlanarak t domenine gecilebilir
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Ters Laplace*Donusum
/K |

Reelkok - Ke u(t)
S+a

K

Katlh reel kok > Kte *u(t)
(s+a)
: K K* —at
Komplex kok e : 2|Kle™" cos(Bt+O)u(t)
S+a— B Ss+a+|pf
’ K K & —-at
Katl: kompleks kok —— + — 2t|Kle™' cos(Bt+O)u(t)
(s+a-jp)” (s+a+]p)
K =|K[£6°
u(t) 1/s
K'nin s = -o+jB  kokiine ait oldugu unutulmamalidir!!! e-at 1/(s+a)
sinwt w/(s2+w?)
2 2
Rasyonel fonksiyonun kutuplari {fg_i?t :SL//((SS : a°)°2)
* reel ise ters laplace eksponansiyel etsinot  w/((s+a)2+w?)
» Kompleks ise eksponansiyel soniimlii siniisoidal e coswt  (s+a)/((s+a)’+w?)

« Imajiner ise siniisoidal ) )
! cos(a + ) =cosacos B —sinasing
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Ters | DONGsUMi ——
TS aplace Donlsumu —

Katsiz reel kékll bir rasyonel fonksiyon icin ters Laplace 6rnegi:

_96(s+5)(s+12) _ K1+ K, . K,
S(s+8)(s+6) S S+8 s+6

F(s)

= 196(s+5)(s+12
o (120—72e7% + 48" )u(t)
s(s+8)(s+6)
u(t) 1/s
g-at 1/(s+a)
/ 1 sinwt w/(s?+w?)
N covi — oo coswt s/(s2+w?)
{(s+a)} te-at 1/(s+a)?
edtsinot  w/((s+a)2+w?)

et coswt (s+a)/((s+a)?+w?2)
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Ters | DONGsUMi ——
TS aplace Donlsumu —

Katsiz /kath reel kdkll bir rasyonel fonksiyon icin ters Laplace 6rnegi:

S+6 K. K K, K,
= + =+
s(s+3)(s+1) s S+3 (s+1)° (s+1

S+ 6
&z (K. + K. et + K. tet+K,e Y ul(t
{s(s+3)(s+l)2} (K, +K, 3 £ )u(t)

-
ey
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“Ters LaplaceDéniistimi.—
/

Katsiz /katli reel kokli bir rasyonel fonksiyon icin ters Laplace ornegi:

100(s+25) K, K, Ky K,
W v g ot ;
s(s+5) s (s+5)° (s+95)° s+5 * - t
s - =te™®
K, =20 oial
K, = —400 [ &
Pl = g™
K, =—100 i T
K, = -20
100(s + 235) - [20_ 200t%e™*' —100t e~ =20~ ]U(t)
s(s+5)
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» Ters La W
. V

Katsiz eslenik komplex kdk

*

K - K
(s+a-)B) (s+a+]p)

K K~ —at
& {(s+a—jﬂ) +(s+a+j,8) }=[2|K|e cos(ﬂt+9)]u(t)
Katli eslenik komplex kok
K = K’
(s+a-jB) (s+a+]jp)

/{ 5 e K*_ }= 2|K|’[He“"‘c:os(,Bt+6')}u(t)

(s+a-jpB) (s+a+jp)) | (r-1!

K =|Kle'

Yorum: Eslenik komplex koklerden —a+j@ ait K katsayisin1 bulmak yeter,
K* bulmaya gerek yok; bu veri ile ters laplace dogrudan yazilabilir.
Kokler yalniz imajiner olursa sonug?
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Ters La

Eslenik Kompleks kutuplari olan rasyonel fonksiyonlarin ters laplace’ina 6rnek

ce Donusum

F(s) = 100§s+ 3)
(s+6)(s”+6s+25)
S 4+65+25=(s+3— j4)(s+3+ j4)
Lo 100(s_+3) e K, - KZ_ - KS_
(s+6)(s+3—j4)(s+3+j4) (s+6) (s+3—j4) (s+3+j4)
K,=-12

K,=6-j8=10e"/%
K,=6+j8=10e"" =K;
= { 100(s + 3)

} = [—12e‘6t +20e™* cos(4t — 530)]u(t)

(s+6)(s* + 65+ 25)
Komplex kok It g Ko :
Ss+a—-|JB s+a+|p
o {L} _ ot Terslaplace—  Ke @/t 4 K'g (@A)t
e - 2|K|e™*" cos(Bt +O)u(t)
K =|K|£6°
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“Ters Laplace-Doniistimii. =

— Kath kompleks kutbu olan rasyonel fonksiyonlarin ters laplace’in1 almaya 6rnek

768
(s* + 65+ 25)°
A 768
(5+3-j4)’(s+3+ j4) Katl: Komplex kok S
K, + K, (sta—jB)" (s+a+jB)
(s+3—jd4)’ (s+3-j4)

F(s)=

. . 2t
K, K, Ters laplace ————e™*'cos(Bt+8)|u(t)
T 5+3+ j4) ' (5+3+j4) i

K =|K[£8°
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Ters LaplacesDontusumu. —

.

/

Payin derecesi paydaninkinden biiyiik ise bolme islemi
yapilarak polinom uygun rasyonel fonksiyona
donusturalir

Polinomun ters doniisimiinden Dirac delta fonksiyonun
turevleri ve/veya kendisi gelir

Uygun rasyonel fonksiyonun ters doniisimt ise once
yapildig gibidir
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Ters LaplacerDontsimil ==

e
Ornek :
s* +13s° +665% + 2005 + 300
F(s)= -
S“+9s+ 20
F(s)=s"+4s+10+ EO&+H)
S“+9s5+20
- =
s+4 s+5

25(t) dé‘(t)

Fl) - +1068(t)=(20e~* —=50e° )u(t)
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S-duzleminde Kutup Ve Sifirl
/ (Poles/Zeros)

s plane

-6+ j8 ¥ ——

b

K(s+2,)(s5+2,).(s+2,) S

F(s)= I PTE

(s+p )(s+Py)..(S+P,) 1

IIIIIIIII\LIII:A\I:II_IIIHIII

F(S)_10(3+5)(s+3—j4)(s+3+j4) -0 5 [
s(s+10)(s+6—j8)(s+6+ j8) : "(lh}]: .
-2 T I%C —

| =

6~ j8 ¥ ———

Copyright © 2008 Pearson Prentice Hall, Inc.
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ﬁl/anglg VeSOn\[)eéer Teoremleri

Bulunan sonuclari test etmekte kullanabiliriz
*F(s)'nin ve f(t)'nin 0 ve co’daki davranisini belirlemizde yardimci olur

*F(s)'nin ters donusimunu almadan f(t)'ninb baslangic ve son
degerlerini bilinen devre davranisindan kontrol ederek uyumlu olup
olmadiklarini gozlemleyebiliriz

lim f® =]im sF(s)

t—0" §—>0

lim f®) =]im sF(s)

t—o s—0
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