Chapter Il

Linear Time Invariant Systems



= Discrete-Time Linear Time-lnvariant Systems
« The convolution sum

= Continuous-Time Linear Time-Invariant Systems
« The convolution integral

* Properties of Linear Time-Invariant Systems

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions



= Sample by Unit Impulse Ju

= For x[n] ! ------

x[n]d[n] = z[0]d[n] 5[n — no|

= More generally, |

z[n)é[n — ng]l = z[ngld[n — ng]
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= Representation of DT Signals by Impulses:
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= Representation of DT Signals by Impulses:

= More generally,

z[n)l = --- + z[-3]0[n+ 3] + z[-2]5[n + 2]
+ z[-1]5[n + 1] + z[0]6[n] + =z[1]d[n — 1]

+ z[2]6[n — 2] + z[3]0[n —3] + ---

+oc
= Y z[k]o[n — k]

k=—o0

The sifting property of the DT unit impulse

X[n] = a superposition of scaled versions of
shifted unit impulses 5[n-k]



= DT Unit Impulse Response & Convolution Sum:

input —>_—> output




= DT Unit Impulse Response & Convolution Sum:

x[n] —:»_——?’ y[n]

z[1] - 6[n — 1] n] - z[1]
z[2] - 0[n — 2] n] - x[2]

o[8] - 5l — ) — R 0] - 2l

+o0 Foo
z[n] = Y z[kloln—k] = vylnl= > z[klhgn

k=—0o0 k=-o0
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z[-1] z (0]

h_qn]

=,

4 [n]

hy ]
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+o0 Foo
zln] = >  z[kléln—k] == ylnl= > «[k]lh[n]

k=—00 k=—o00
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= If the linear system Is also time-invariant

* Then,
hgln] = holn — k] = hln —£]

= Hence, for an LTI system,

+o00 T
ylnl = > zlklhln — k] > z[n — K]h[k]

k=—0o0 k=—co

« Known as the convolution of x[n] & h[n]
« Referred as the convolution sum or superposition sum

= Symbolically, yln] = =z[n]«h[n] = hin]xz[n]



+o0
= Example 2.1: vil= 3 alkirln -4 z[n] —*-—>- yln]
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« Example 2.2: = % alklrin - &) z[n] —e»-—:- y[n]
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= Example 2.3:‘*{‘“[1”""“‘1 z[n] —r-—>~ y[n]
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= Example 2.4:

x[n]
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n—k _
for 0<n<4, alk]hln—k = { ok, 0<k<n

0, otherwise
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otherwise
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= Example 2.5: zln] = 2"u[-n] z[n] -—->-—> y[n]
hn] = u[n]
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= Discrete-Time Linear Time-Invariant Systems
« The convolution sum

= Continuous-Time Linear Time-Invariant Systems
« The convolution integral

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-lnvariant Systems
Described by Differential & Difference Equations

= Singularity Functions



D & A ‘_l

1
iy :
on(t) = -
0, otherwise
“+c0
()= Y z(kA)A(t—-EA)A
k=—o00
+oc
r(t) = i (kA A (t— EAD)A
x(t) Sgokzmmt(h )onl )

“+o0
2 = /_ Sl

o0
the sifting property of CT impulse

x(t) = an integral of weighted,
shifted impulses



= Graphical interpretation:

2(7) LE
\‘\_/ __""\\\—/-
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= CT Unit Impulse Response & Convolution Integral:

5(t — 1) — |Eineansysiem| —s /- ()
o(t) — [ERESrSIem] — v(*)

z(t) = /_+m z(T)o(t — )dr

oo

— (1) = f e :s(r)hT(t)dv-{

-0



= |f the linear system is also time-invariant z(¢) —>-—> y(t

* Then,
hr(t) = ho(t —7) =h(t —71)

= Hence, for an LTI system,

y(t) = f_er z(T)h(t — 7)dr = /;4:0 h(T)x(t —m)dr

o0

« Known as the convolution of x(t) & h(t)

- Referred as the convolution integral
or the superposition integral

= Symbolically, — ¥(0) =z(t) xh(t) = h(t)*z(t)



= Example 2.6:

hiT)

o(t) — RGN — v ()

fort<0, z(r)h(t—7)=0

Alt) =ult) !

= y(t)=0

e~ AT <+ <t
fort>0, «(7)h(t—7)= { 0.  otherwise
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» Example 2.7: =(t) — RGN — v(t) =
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z(t) = e2tu(—t)
h(t) = u(t — 3)

= Example 2.8:

wir) = &¥Tu{—1)

t—3 s
for t—3 <0, y(£)=/ 27 dr
T N
1
_ 1 o¢-3)
il 2
0 5
fort—3 >0, -y(£)=/ e dr
i —00
0 3 t

1
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= Discrete-Time Linear Time-Invariant Systems
« The convolution sum

= Continuous-Time Linear Time-Invariant Systems
- The convolution integral

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-lnvariant Systems
Described by Differential & Difference Equations

= Singularity Functions



= Convolution Sum & Integral of LTI Systems:

oo |

yln] = Y z[klh[n — k] = T[k]*h[n]l
k=—oc0

+o0 |

y(t) = f_ a(Mh(t-r)dr = a(t) *h(t)




= Properties of LTl Systems

©® N O O A~ W N

. Commutative property

Distributive property

. Associative property

- With or without memory
. Invertibility

. Causality

- Stability

. Unit step response



= Commutative Property: n—k=r

4+ o0 +o0
z[n] xh[n] = ) z[k]h[n — K] = Y z[n-—r]hlr]
k=—0o0 r=—00
+o0
= Y  hlrlz[n -] = h[n] * z[n]
w0 h@®) = [TTeone-ndr g — g

— +: r(t — o)h(o)(—do) = f__:o z(t — o)h(o)do

= f::o h(o)z(t — o)do = h(t) * z(t)



-+ oo
Distributive Property: s = 2 W

k=—co

z(t) « h(t) = fﬁiﬁw (r)h(t — 7)dr

.

x[n] * (hl[n] + hg[n]) = z[n]xh1[n] +_:13.[ﬂ-] x hol[n]

2(t) * (hl(t) + hz(t)) = 2(t) %k (£) +2(t) ho(t)

hy(t) Wy (t)
KE) == (1] + hplt] |— 1) x(t) =— @—* Wit}
(b | hait) __T

yalt)

(aj



+ o0
= Distributive Property: wln] h[n] = 37 x[k]h[n— K]

h=—co

x(t) * h(t) = f::c r(r)h(t — 7)dr

(931[%] + mz[n]) xhln] = 1 [n] *Aln] + zoln] A0

(xl(r) mg(t))*h(t)ml(t)*h(t) £ () % h ()

z1[n] z1ln]

}-—by[n] A=

|
x5 [n] xo[n]




" p——— L

11

x[n] = (;)w u[n] + 2" u[-n]

y[n] = x[n] = h[n]

= (.‘I_Tl[ﬂ-] - i??z[ﬂ]) + hn] i} ]_‘] \ \ \ _

= z1[n] * h[n] + z2[n] * h[n] T M A




+
= Associative Property: r[nl bl = Y 2[klh[n— k]

k=—co

o) s h(t) = [T 2(rnCt - )ar

a[n] x (b[n] * c[n]) = (rx[n] * b[n]) x c[n]
a(t) x (b(®) k() = (a(t) xb(®) ) * e(t)

e[n}——{b[n] ™l an] > il c[n)— a[n] * b[n] —— i
(&) {c}
e[n)]—— b[n] * a[n] —— c[n)]——| a[n]—— b[n]}——- vin

o (d)



= Memoryless:
« ADT LTI systemis memorylessif h[n] =0 for n #0

« The impulse response: h[n] = Ké[n], K = h[0]

« The convolution sum: y[n] = z[n] *x h[n] = Kx[n]

« Similarly, for CT LTI system:
y(t) = x(t) x h(t) = Kx(t)



» |nvertibility:

x(t) —>-—> y(t) —:~-ﬁ‘r w(t)

y(t) = x(t) xha(t)  w(t) = y(t) = ho(t)

= w(t) = x(t) x h1(t) * ho(t)

z(t) = x(t) x 6(t)

—> ho(t) x h1(t) = 6(t)



= Example 2.11: Pure time shift

r(t) — -—> y(t) —>-—:» w(t)

e delay if tg >0
e advance iftg <O

o y(t) = x(t — to)
= h1(t) =(5(t—t0) = x(t —tg) = x=(t) *5(!:—1;0)

o w(t) = x(t) = y(t + to)

= ho(t) =6(t+tg) = y(t+to) =y(t)*5(t+tg)

= h1(t) * ho(t) = 6(t — to) * 6(t +t0) = (%)



= Example 2.12

z[n] — -—> y[n] — - — w[n]

hi[n] = u[n]
= ylnl= > zkluln—k] = > z[k]
k=—occ k=—00

= a running-sum operation
e Its inverse is a first difference operation:

w[n] = y[n] —y[n — 1] = ho[n] = §[n] — é[n — 1]

= hi[n] * ho[n] = u[n] — u[n — 1] = d§[n]



= Causality:

« The output of a causal system depends only on
the present and past values of the input to the system

- Specifically, y[n] must not depend on x[k], for k > n

h[n — k] = 0, for k > n

h[n] = 0, for n <0 3
hTa)

,){/ul

« It implies that the system is initially rest l
Q

L,
n

« A CT LTI system is causal if h(t) =0, fort <O



= Convolution Sum & Integral

+o0
yln] = > z[k] h[n—k]

k=—00

(1) /_ z 2(7) h(t—1) dr

.

Y z[k] hln — k]

k=—0o0

— jj x(t) h(t—71) dr
= i hlk] z[n — k]

k=0

/OC h(t) (t — 1) dr

0



= Stability:

- A system is stable
If every bounded input produces a bounded output

x[n] —>-4,» y[n]

‘:r:[n]‘ < B for all n |y[n]‘ =

+o0

+o0 |
= [ylnl| < 3 hlk]|[x[n - K]|

+00
= |yln]| < B ( > h[k])

k=—o00

o0
it > |nlk]| < od then, y[n] is bounded
k=—o0 absolutely summable



= Stability:
« For CT LTI stable system:

£(t) %-ﬁk y(t)

‘:rr(t)| < B  forallt ‘y(t)‘ = ‘/__I_m h(t)z(t — 7)dt

= )| < [ h)ati - 7 ar
= |y(t)| < B (f_;m\h[(T)\dT)

+00
if/ ‘h(r)‘dr < X then, y(t) is bounded
- absolutely integ rable



Example 2.13: Pure time shift

e y[n] = x[n —ng] & h[n] = §[n — ng]

o y(t) =x(t —tg) & h(t) =46(t—tp)

= -f ‘h[n]‘= -|§ ‘5[%—?10]‘:1 absolutely summable

Th——2 M——0Ca

+oo +o0
= / ‘h,(fr)‘ =f ‘5(? — tD)‘dT = 1 absolutely integrable
—0 =0

= A (CT or DT) pure time shift is stable



= Example 2.13: Accumulator

T

eyln] = > z[k] & h[n] =uln]

k==—00

L
o 7(t) =f x(r)dr & h(t) =u(t)
+oo +00
= > ‘h[n]‘ = > ‘u[’n]‘ = 00 NOT absolutely summable
n=-—oo n=~0

+o0 'oC
= / ‘h(?‘)‘ =/ﬂ ‘H(T)‘d?‘ = 00 NOT absolutely integrable
— 0

= A accumulator or integrator is NO'T stable



= Unit Step Response: hn] = §[n] « hin]

« Foran LTI system, its impulse response is:

5[n] — -—> hn] 5t 4,,-—;» h(t)

« Its unit step response is:

u[n] — -—> sln]  u(t) — -—> s(t)

= s[n] = u[n] * h[n] = s(t) = u(t) = h(t)
= h = h(7)d
X nin) [ n(rydr

ds(t)

= h[n] = s[n] — s[n — 1] = h(t) = it



= Discrete-Time Linear Time-lnvariant Systems
« The convolution sum

= Continuous-Time Linear Time-Invariant Systems
- The convolution integral

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-lnvariant Systems
Described by Differential & Difference Equations

= Singularity Functions



= | inear Constant-Coefficient Differential Equations
« eX., RC circuit

R

—AWWy

Input signal: ve(t) «() RN R 3 Output signal: v.(t)

dve(t) 1 1
— Vel ) =
& T rc"W = &G

2(t) e-% y(&) = %y(t)+ay(t) — bat)

vg(t)



= | inear Constant-Coefficient Differential Equations
« Forageneral CT LTI system,

qit)—+||||||||—+1mt)

d~ N1 d

an_ ¥ (t)tan1mry(t)+- - +ar—y(t)taoy(t)
dM M-1 d
— chﬁ—Mm(t)_l—bM_ldtM‘lm(t)_l_. . -—|—b1%m(t)—|—b0:ﬂ(t)

N dk M dj;
= —y(t) = bp—x(t
;aadtkaf( ) k;} ke (t)

= h(t) =7



= | inear Constant-Coefficient Difference Equations
« Forageneral DT LTI system,

z[n] —>-ﬁ\ y[n]

agy[n] + aryln =11 +--- +an—_1yln — N + 1] + ayy[n — N]

= boz[n] + b1z[n —1] + --- 4+ byy_12[n — M 4+ 1] + byyz[n — M]

N M
= > aryln—k] =) by x[n—k]
k=0 k=0

= h[n] =7



= Recursive Equation:

aoy[n] + aryln -1+ --- 4+ any_qyln — N+ 1] + any[n — N]

= box[n] + brzn — 1] 4+ - -+ bpy_12[n — M 4+ 1] 4+ bpyz[n — M]

N M

Z ap yln — k| = Z b x[n — k]

l ﬂ‘f f\k'r
= y[n] = — { Z by x[n — k] — Z ar yln — A]}
k=1

@0 | k=0



é[n] —

z[n] —

— y[n]

» Recursive Equation:
« For example, (Example 2.15)

1 ylnl =0, forn<-1
n|l——yln-1| =
y[n] 23;[ 1 — 1] = z[n] o] = K(n]

y[0] = z[0] + 3y[-1] = K
y[1] = «[1] + 3y[0] = 1k
= 9 . . : 2
yl2] = x[2] + Fyl[1] = (3)°K
. T
ylnl =z +3yln—1] = (3) K

= hn] = (%)ﬂ w[n]

= an Infinite Impulse Response (IIR) system



= Nonrecursive Equation:
« When N =0,

M
by
= yln] = Z (i) z[n — k]

k=0

bn 0g<n<M

= h[n] = "0

0, otherwise

= a Finite Impulse Response (FIR) system

IIR ||HHIII |||‘||| FIR



= Block Diagram Representations:

Xo[r] Xoft)
l an adder
X4[n] _>'®—>- %, [n] + Xa[n] Xit) Xq(t) + %[t
(@) @)
multiplication
. by a coefficient .
x[n] > ax[n] X(t) » axit)
() ()
a unit delay/
differentiator
Xn] =—l D | x[n—1] (t 0 o déit}
(c)

(c)



= Block Diagram Representations:

y[n] + ay[n — 1] = bz[n]

y[n] = —ay[n — 1] + bz[n]

e \f[1— 1 ]

5 |
Eﬂ(t) + ay(t) = bx(t)

1d b
y(t) = ———y(t) + —x(t)
a di a

b/a
x(t) —-»—»-@ l > y(t)
A

D
—1/a | dy(t)
o dt
D +— s



= Block Diagram Representations:

X(1)  e—

d
—y(t) = bx(t) — ay(l
dt.u( ) (1) y(t)

= y(i) = /jx [bm(’r) — ay(?‘)] dT

= y(®) =u(to) + [ [pa(r) ~ ay(r)] dr

t
— f X(t) dv

b

)

X (1) m—

1
f{zr—
5

+

-

J

> y()



= Block Diagram Representations: f‘:, 1

d? d -
TU() +32u(8) + 2u(6) = 2(2)

o 1
= g

) it fit)
(| | < I L_F ¥4 ‘|
‘ Bl

©

18] yit)

3 }

(et

)

£ ] = Y[t

4! 2
+
L
I i’
Lo~

1
(s+1)(s+2)

(b) H(s) =
= Example 9.30 (pp.711)



= Block Diagram Representations:

1

y[n] + %y[ﬂ - 3] = sY [n — 2] = z[n]

cofra

—- (- 7 l

51
R[] =— ‘ p ?_ yln]
——
=1

ra|—

=

faf—

x[n] > @ > y[n]
[ 3 2_1
G -l——% e i[n]
& L
s
% &[r]
(a
x[n] >+ - +
1 2l
2 4
(k)

= Example 10.30 (pp.786)

1
(14 32-1)(1 - $2-1)

Hiz] =



= Discrete-Time Linear Time-Invariant Systems
« The convolution sum

= Continuous-Time Linear Time-Invariant Systems
« The convolution integral

= Properties of Linear Time-Invariant Systems

= Causal Linear Time-Invariant Systems
Described by Differential & Difference Equations

= Singularity Functions



= Singularity Functions

« CT unit impulse function
Is one of singularity functions

2(t) = z(t) % 6(t)
d(t) = 0(t) x(t)

ra(t) = 0a(t) * 5a(t)

Baft) Baft)
rultl
1 1 EJ(
| * | V\
0 A 1 0 A 1 o 24 ]

Jlim 8a(t) = 6(¢) = Jim ra(t) = 5(t)



= Example 2.16 %;ﬁ;(t)-]—Qy(t)::x:(t)

with initial-rest condition

1 1

0.5 H 0.5

D ' —

D 1 P 2 0 3 >
Epit) = oAl “x(t) =ralt
'Y a-0.0025 2(t) = da(t) TR a=0.0025 (t) alt) :
4=0.1 h(t) - 8—21’ u(t)
05| 4=0.25
05
0 - ! 0 . f

D:::(t) = f_'i‘,_};(f.) x -;—&(t)p 2(t) = ra(t) «ralt)



d
= Example 2.16 E'y(t)—I—ZO y(t) = z(t)
with initial-rest conditior

1

4

=[0.00025

0.8

L h 0
0

2(t) = 65 (t)

A=000025

| 0

V—U.DDDES

02

fr(t) = 1A (£)

A =0.00025

Lp(1) = c‘i;(f) * -:'&(12): HE:?‘:(t)-:“"'.:g(fj * "ﬂ.(f?.)

[BRS]

0

0 0.2

o8) = 8(2)

1]



» Defining the Unit Impulse through Convolution:

x(t) = z(t) % 6(t)
o Let z(t) =1,
1 =2(t) =z(t) x6(t) = 5(t) = z(t)

— ]_O; o(r)x(t — 7)dr = fm §(7T)dr

— 0

e So that the unit impulse has unit area



Defining Unit Impulse through Convolution:

e Alternatively, consdier an arbitrary signal ¢(t),

o(—t) = g(-t)x6() = [ g(r—1)s(r)dr

-

9(0) = [ g(r)i(r)dr

— o0
e Define z(t — 7) = g(1)

o(t) =g(0)= [ g(r)s(r)dr

— 0

— fj;:z:(t — D)6(r)dr = z(t) * 5(t)



= Defining Unit Impulse through Convolution:

e Consider the signal f(t)d(t)

[ s f(ir)dr = 9(0)4(0)

e On the other hand, consider the signal f(0)4(1)

[ a(n)$(0)5(r)dr = 9(0)£(0)

e [ herefore,

F()o(t) = f(0)a(t)



Unit Doublets of Derivative Operation:

e A system: Output is the derivative of input

d
y(t) = —z(t
y(t) dtb()

= The unit impulse response of the system
IS the derivative of the unit impulse,
which is called the unit doublet uq(t)

e That is, from x(¢) = z(t) * 6(1), we have

d
—(t) = x(1) xuqi(t
dtf() r(t) * uq(t)



Unit Doublets of Derivative Operation:

e Similarly,

d?

pr ——a(t) = () * ux(t)

2
() =5 (Z2®) = (20 s 11 () # 1 (1)
e [ herefore,
uz(t) = wy () * up(l)

e In general,
up(t), k> 0, the kth derivative of §(t)

wp(t) = w1 (t) * - - - % wy(t)



= Unit Doublets of Integration Operation:

e A system: Output is the integral of input
OO
y(t) =f r(T)dT
— o0
e [ herefore,

w(t) = fm o(7)dT

—00

e Hence, we have

2(t) * u(t) = / " (r)dr

— 00



Unit Doublets of Integration Operation:

e Similarly,

t
u_o(t) = u(t) x»u(t) = f w(7T)dT

—_0

e [hat is,

u_o>(t) =t u(t) the unit ramp function

Uz (1)

/pe-i




Unit Doublets of Integration Operation:

e NMoreover,

x(t) xu_o(t) = x(t) * u(t) »u(t)

_ (/_‘m :z:(cf)da) £ u(t)
— f_f '00 ( f_:o :1:({7){10) dr

e In general,

i
usp(®) =ul) s oxu®) = [ u_oy)(T)dr

k—1

L
u—k(®) = 5"




= |n Summary

§(t) = up(t)

u(t) = u_1(t)
u ()
k>0,
Impulse response of a cascade of Ek differentiators
k <0,

Impulse response of a cascade of |k| integrators

w(t) x uy(t) = 6(t) or, u_1(t) »ui(t) = ug(t)

= up(t) *x ur(t) = wpq,(¢)




Signals & Systems (Chap 1)
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C-T Convolution
Examples



Example 1: S(@) h(t) (1)

e E——

Zero ICs

Given: f(r)=eu(=r) h(t)=-0()+2e "u(r)

Find : Zero — state response: y(t) = f(t)*h(r)

Solution: (1) = £ (1) *h(1) =f(z)*[— 5(r)+2e‘fz,f(t)]

First we’ll use properties of convolution to break this down into sub-problems.

By the distributive property we have: — call this 7,(?)
——
Y1) == () ¥8(1) + [ (1) %2 u(®)
\ J \ v J

Use Property of Convolution  Call this convolution y,(7)
with impulses

v(1)=—f()+ y (1)



Write as functions of T:

/(@)
1

Flipped f(-1)

& Shifted 1[ N~ ¢

o

' 1y(7)

l TL.: =1




Only two cases for product /(7)f(f—7):
RI: 7<0 ]71(2') — yl(l‘) — J‘v:[;f—r e—rdz_
T 0
: 7 = ZeIJ. e dr
; b

= 26"|:_21 ezr] = —€r[0— 1]
0

y(t)y=e" for t<0

RIL 120 T%ﬂ yl(t)zf[ef_r o

ff(r 1)
v

-
rlt\]
Il
|

o
o

'ﬁ'
Il
|

mﬂ'ﬁ-
o
[
(qv)
9'3
—




Now... assemble these results together:

y(t) ==1 1)+ »(1)

7 —¢ +€ =0, for t<0

0 -I—e'i'_r =e', fort>0

[ ——— -

0, for t<0

e’, fort=0

L.




Example 2:

Given: f(7)= sin(r)[u(r) —u(t— 272')]
a(t) = [H(r) —u(t— 27:')]
Find: ()= f(t)* g(t)

First write “as 77 and flip one:

4 (D)  g(-7)
L 1
) 27T v, .
. -2 \er,.=0
1l \./ R.0
v kIL_O — Zﬂ'
‘ g(t-1)
Shift by ¢ _—
T -
T, =1— 27Y TRt — 4 '

Now find the Regions of overlap... there are Four Regions




4 1(7)

1 -
r
RI:  [120 = \/2” =
14
(r=1)
1
< T -
z';_f:f—lﬂ' Tp Ly ]
1 (1)
RI: >0 /AN
0<r<2z \/
t—27<0 14
Note: this region g(t—17) 4
includes the single ¢
value at which you .
get complete overlap r =f-2% . =t




t-2r<2m 4 f(7)
RIIT : Lt
.. 2r<t<Adr 2 4
O\
g(t—r1),
—
“TL.I =t-2x Tpe = 4 ]
+ (7
RIV : t=27>2m |t >Ar 1 __f( )
27 (3
o\
g("—f)J{
) !




RI and RIV Integrals

c()=0forr<0

No Overlap =Integrand =0 =
and 7> 4n

RII Integral

T

b |

: t
: \_/ Product 1s non zero only here
—integrate 0 to ¢

I;lsi11(r)dr = [— cos(r)]; = —[cos(r) — 1]

=1—-cos(?) for 0<t<2rx




RIII Integral

Comment: note that you do not get a sinusoid out, because you
only put part of a sinusoid in!

1

> |
=

ANZER
-1 + 1 |
¥ I |
I I
4 I I
+1 :

i I T-.
Ff-2]r| [ :

I : t—2rm

2n = Integrate (7 - 2m) to 2n

L_ )1 sin(r)dr =[- cos(r)]m = —[cos(27) — cos(t — 27)]

=cos(t)—1 for 2m<t<4rm = cos(?) by

\-—Y—J = _1' I
cosine lowered by 1 pertodicily



Now... assemble the parts that make up the output:

1 1  Neg. cosine raised by 1 0, r<0
""" B l—cost, O0<t<2rm
c(f) =
cost—1, 2x<t<4dr
______ B 0, I>4r
-1

N cosine lowered by 1



Example 3: |Given: f,(¢)= A[u(r —4)—u(t— 6)]
£, =[u+5)—u(t+4)]
Find: c(?) = f,(t)* f,(7)

Write “as t” and flip one:

t A1)
AL
z-:
\ 4 6
1) “Shift by ¢”
(T
g 1/
& rn.. -
S ] R
Z-L10:44 57}2.0:5 Ty, =t+4 Tre =143

RLr+5<4 = t<-1 prod.=0=|c(t)=0 Vr<-1




t 4@

v 4 6
Walt=7)

L

1 A4
Z-L,I:r+4 TRE‘:'EL—'—S

RII: r+5>4| AB _ 1
-__r+4<4}'15f<0 ]Mmbd: ” Area AB%*®4]1M%+AB

41+5 7

c(t)=["ABdr=[ 4B+ AB for —1<1<0




{4
AL
z-:
M 4 6
Yy . F—7
L D)
z-';
] o |
T, =t+4 715, =1+5
RII: t+4>4 . product:
P56 } 0<r<1
c(t) = JHS ABdr
t+4
c(t)y=AB for 0<t<l




t (D)

v 4 6
j.fz(r—r)

T

+ L

\J = f
Gy —t+4 rR__I:HS

AB Area = AB(6 — (1 + 4))
RIV: t+5>6| ~ product: ./_
fia<g| 1S0<2 T =2AB- ABr

1446
c(f):rABdr:ZAB—ABr for 1<1<2

T+4




1 4@
Al
<+ T:
v 4 6
RV:t+4>6 = r>2  product=10
v fo(t—1)
B + c()=0 for t>2
- T:

Aot
7, =t+4 rR__I:HS

Now... assemble the pieces:

0, t< -1
ABt+ AB, 1<t<0 c(f)

AB
c(f)=1 4B, 0<r<l
24B-ABr.1<t<2 | i

1
0, r>2 -1 v 1 p)




Example 4:

t /1(7)

Given: f,(f)=e " *u(r)

@) =u(t+3)—u(r)

Find: c(t)= f,(t)* £, (1)

1 e’ for =0
&
-

t fz(_f)

RI: t+3<0 = r<-3 prod =0 =

c(H=0 t<-3



1 e’ for 720
/
N
11./,0-7)
N
Iy 1+3 '
RIE7+3200  3</<0  product: ‘/8_‘" Jor 0<7<t+3
t<0
f+3 _r _r [+3 ~ 4 .
:>c(r)=_|‘0 e dr=—[e L v 1+ 3 ,

_ _[e—(r+3) _1]= ' —(H-”) fO?" 3 <f< O




t £1i(D)

1 e’ for 720
-
-

1t L2(—7)

RIOI: 7>0

f+3 - _-+3 _ _
:>c(r)=_|‘ e"”dr=—[€ TI = —e ™)
T <

—f -3 -t
=e —€ € =

product:

(1—6_3}2_? for t=0

e’ for 0<7<t+3

i




0, <=3
c(t)=41—e" —3<t<0

(l1—e e, 120 .
c(t)







Graphical Convolution Steps

Can do convolution this way when signals are know numerically or by equation
o A A

- Convolution involves the sum of a product of two signals: x[i|/a[n — i]

- At each output index 7, the product changes “Commutativity” says we
can flip etther x[7] or h[i]

and get the same answer

Step 1: Write both as functions of 7: x[7] & /[7]

Step 2: Flip i[7] to get ii[-i] (The book calls this “fold”)

Repeat [ Step 3: For each output index » value of interest, shift by » to get A[n - i]

for <

(Note: positive n gives right shift!!!!)
each n

| Step 4: Form product x[i]/[n — 7] and sum its elements to get the number y[n]



Example of Graphical Convolution

x[n]

’ Find y[n]=x[n]*h[n]
for all
mnteger values of

n

@

Solution
For this problem I choose to flip x[7]

My personal preference is to flip the shorter signal although [ sometimes don’t
tollow that “rule”... only through lots of practice can you learn how to best
choose which one to flip.



Step 1: Write both as functions of 7: x[7] & 5[]

v

th e
~—

34

“Commutativity” says we
can flip either x[7] or A[i]

and get the same answer...
Here I flipped x[i]




We want a solution forn="...-2,-1,0, 1, 2, ...

But... let’s first do: Steps 3&4 for » = 0 and then proceed from there.

Step 3: For n = 0, shift by n to get x[n - i]

h[i]

'S ]

so must do Steps 3&4 for all 7.

—

For n = 0 case there 1s no shift!

x[0 - 7] = x[-{]

2 -1 12 34567 i

x[-i] = x[0 - i]
2

|

-2 -1

3456 7 i

Step 4: For n = 0, Form the product x[7/]/#[n — 7] and sum its elements to give y[#]

h[i]x[0 - 7]

2x3

Sum over 1 =

y[0]=6




Steps 3&4 forall w <0

Step 3: For n < 0, shift by n to get x[n - 7] | —__| Negative n gives a left-shift

«—— Shown here for n = -1

-2 -1 1234567 I

Step 4: For n <0, Form the product x[7/]#[n — 7] and sum 1ts elements to give y[n]

Blix[-1-i]=0

Sum over i =|y[n]=0 Vn<0

>




0, Vn<0
So... what we know so far is that: y[n] =

6, n=0
yin]
6
—eo—o—o .
21%123456 7 n
L. _J
Y
yn] =222

So now we have to do Steps 3&4 forn >0...




Steps 3&4 forn=1

Step 3: For n =1, shift by » to get x[n - ]
hli]

il

[R]
—
—_
]
)

«— Positive n gives a Right-shift

shifted to the
right by one

Step 4: For n = 1, Form the product x[/]/[n — /] and sum its elements to give y[#]

x[1 -] h[i]

Sum overi = |y[1]=6+6=12




Steps 3&4 for n =2

Step 3: For n =2, shift by » to get x[n - 7] | | Positive n gives a Right-shift

3 Ih[:‘]
2-1 ¥ 3456 i

12 6 7

x[-i] - {]

?[ [ shifted to the
12

right by two

2-1 v 3456 7 r.'

Step 4: For n = 2, Form the product x[7]/#[n — 7] and sum 1ts elements to give y[#]

- i] h[i]

Sum overi = |y[2]=3+6+6=15

2x3
1x3 [ [

SR 34567 7




Steps 3&4 forn =23

Step 3: For n =3, shift by n to get x[n - i] | .| Positive n gives a Right-shift

1 n[i]

2-1v1234567 I
+ x[-i]=x[3 - i]
2

v

shifted to the
"| right by three

-2 -1 1234567 I

Step 4: For n =3, Form the product x[/]/[n — 7] and sum 1ts elements to give y[#]

x[1 -] h[i]

2x3

Sum overi?=>|y[3]=3+6+6=15

-2 -1 1234567 i



Steps 3&4 for n = 4

Step 3: For n =4, shift by » to get x[n - 7] | | Positive n gives a Right-shift

shifted to the
" [ t1ight by four

Step 4: For n = 4, Form the product x[/]i[n — 7] and sum 1ts elements to give y[n]

x[1 -] h[i]

Sum overi:=>|y[4]=3+6+6=15

2-1v1234567 ;



Steps 3&4 forn =5

Step 3: For n =5, shift by » to get x[n - i] | | Positive n gives a Right-shift

shifted to the
right by five

Sum overi:=>|y[5]=3+6=9




Steps 3&4 forn =06

Step 3: For n = 6, shift by 7 to get x[n - i] | | Positive n gives a Right-shift

shifted to the
right by six

Step 4: For n = 6, Form the product x[/]/[n — 7] and sum its elements to give y[#]

x[1 -] h[f]

Sum over 7 = | y[6] =3




Steps 3&4 for alln > 6

Step 3: For n > 6, shuft by n to get x[n - 1] | | Positive n gives a Right-shift

1 n[i]

4_._._._Lm_._<= >

2-1v1234567 I
+ x[-i]=x[3 - i]
2

shifted to the
right by seven

-2 -1 1234567 i

Step 4: For n > 6, Form the product x[/]/[n — 7] and sum 1ts elements to give y[#]

x[1-4]h[i] =0

2x3

Sum overi= |y[n]=0 Vn>6




So... now we know the values of y[#] for all values of

We just need to put it all together as a function...

Here it 1s easiest to just plot it. .. you could also list 1t as a table.
1 ol

15 -
12 g
9 ! ¢
9 .

+——a——0 g r“-;-l - >

2-17Y1234567 n

Note that convolving these kinds of signals givesa\
“ramp-up” at the beginning and a “ramp-down” at
the end.

Various kinds of “transients” at the beginning and
end of a convolution are common.

N 7




BIG PICTURE: So... what we have just done is found the zero-state
output of a system having an impulse response given by this /#[n#] when

the input is given by this x[n]:

ylnl=x[n]*h[n]

x[n]
{ Ml — 4 ;s 1 yn] N
1_2 ::-:::::::..-‘-.-.----...............
h[n] % : ....r

2-1%1234567 7N
/

-2 -1 12 3456n

[ Link: Web Demos of Graphical D-T Convolution

This 1s a good site that provides insight into how to visualize D-T
convolution...
However, be sure you can do graphical convolution by hand without the

aid of this site!!



Implementation Issues

Consider a D-T system with impulse response /[n] that has finite duration...

Could Build a digital hardware system or a software program for D-T convolution

like this:

Clock
v

__£ Shift Registers or Memory Locations |

—

x(7) /

f

———

100 g geEi Ul pp e

L ]
=

clock | [ ro J h[1]

ADC
—®&
[

Note that the normal order of
sampled signals coming into the
shift registers follows the “tlipped”
version of the signal.

f Storage j
T Registers

V11, 0], ete.



Convolution Example “Table view” x(mT)

3

x(nT) h(nT) 2] 2
1

2y 2 2 0
3
1 171 I
2
n n
0 1 2 3 4 o 1 2

1
(a) Input and unit pulse response I
n—2 n—1n

m

(8) Functions for computing convolution sum
0 0 ( rt2y21 1 1L)0

n=0|ul2/3/ojojojojo /}7(1-122) J(nT)
n=1lofnlz2l3}0jlofo0}0 oy
n=2 0|0l 203000 o1

8
n=3|0fofof1[2[3]0/0 ;
n=4 0|00 0f1]2]3 0
n=5|olojojlofjojudt2lild it 3]

2

= ojojojojof 1|2 u
et ' : o L 2 3 4 5 6

(c) Table for evaluating summation (d) Output



Rewrite signals in k

hik)
x(k)

x(-k)

l{.., Shifted x{-k) by -1

[=1=]

0

v =

0000000000000 000 Sum-——>

hik)x(-1-k)

n=-1 {x{-1-k)
hk)

Discrete-Time

Convolution Example
“Shiding Tape View”

n=0 |x(-k)

o]
{=]
F
g &
-1 >
W |
| §
"] 1]
=
=) ]
=R =] |=]
o ojo
==} =]
==} =]
=T =] =]
L= L=
=] L=
o L]
=] (=]
L] =] (=1
Ll k=]
had k=] (=]
L] =]
L==] L=
-
A
—b
=
E|E

-]
-
B
== ety
- -
T >
M A
3
L E
i
V@
=E=] (=]
Lo =] [=]
f=N=] (=]
o oo
A==1 (=]
o olo
o oo
= k=]
el i
od w
BIE
A L=]
Ll (] (]
[=K=] =]
o olo
o alo
>
P
s
= El=
-
n
£

l
-

™~
F
¥ o
Z g
$

7
-
vy @
=3 =)
e alo
= olo
= SIS0
=n=1=
=1
= oo

221
321

of1 1
000
00D00D

00O
00O
00

-k)
k)
K)x(2-k)

n=2 |x(2
hi
]

7

0 000003220000000 Sum—> y4)=

h(k)x{4-k)

=]
L5 -
E » B
¥ & =
¥ 5 X
- b4
LA
£ 1
) ]
[}
! pm |
W W
=N=] [=] (=N=]
cole |oo
(=N =1 = =N=]
cols |ee
(=l = =] o S
el =1 =] =
ale =
4]
- il (o
Ll L] el La
Lo [==] (=] (== ]
[=N =] (=] =T =]
o ojo (==
o oo ==
(o = (] ==
(== (=] e o
e,
2
= LA
szl K=
% E|E "
[ i

3

0 Sum—> y(§)=

0
0
0000O0

h{kx(5-k)

hik)

n=5 |x(5-k)

1

yig) =

<. Shifted x{-k) by 8

2
0
0000D0DO00010000000 Sum—>

n=6 |x(6-k)
k
hk)x(6-k)

[ =] [=]
P m
E a B
— " - —
- = = ]
= = ¥ =
3 i g 4
: 15!
5y 3
W' v
(=] =l =] (=]
o SIS [=] [=]
(=1 (=] (=] [ =]
le | (=] =] (=] =]
o] =1 (=] bl =1 (=]
b b=1 =] Lo (=] fe]
bt k=1 [=] [==] (=]
=1 (=] = o
=lnle |elsle
=lmle |el=le
=ole [colo
safla |eele
= o9 o oo
= Do == (=]
= Ol =N =] (=]
= 0o (== (=]
= z
=
e - M
o DL =
L -]
] n
- =



D-T Convolution Examples

x[n] = (%Tu[n] hn]=uln]—u[n—4]
hli

3-2-13123456789

x[7] {

123456789

Choose to flip and slide /[n] This shows i[n-i] forn =10

ho—1]

123456789



Forn <0
-
Forn=0

Wn-i(i) =0 Vi
y[n]=0 for n<0
B —iA[7]
;. = I0l=

23456789

hn—i]=h[1-i]

3-2-141
Forn=1 ‘
D41 Y1

2345678

)
-——eo oo oo —+

Notice that forn=0,n=1,....,n=3
The general result 1s:

n

y[n]= Z (%) for n=0,1,2.3

i=0

(Geometric Sum)

Hﬂzzﬁ—uéfj for n=0123

=p1)=1+%=3/2




Now forn=4,n=35, ...

n = 4 case 11[?]
| I ? . 7
3-2-141 23456789
s Nn—i]=h{4—i]

i

-3-2-14123456789

i=n-3=1 i=n=4

n =5 case

hn—i]l=h[5-i]




Notice that: forn=4,5,6, ...

n 1

yin]= Z (%) for n=4,5,6,...

(g (g
=

then simplify!

Then we can write out the solution as:

'O, n<0

Minl={21-(/2)] n=0.1.2.3

_2[(1 /2y (1 ..--'2)”“1 n=4,5.6...

54 ]
1
Hlln. )
3-2-1+1234567




2. Same Impulse Response:

R

] ——e—"

x[n]= COS(% n )u[n]

Ix[z’]
etc Aﬁainl[?ﬂ:()for n<0:
: 10]=
y[l]—l+0—l
o M2]=1+0-1=0
HH | W3]=1+0-1+0=0
z V[4]=0-1+0+1=0
V[5]=-1+0+1+0=0

Notice: y[n] =0 Vn=2,3,4,5,...!
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