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« L. Euler’s study on the motion of a vibrating string in 1748
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« L. Euler showed (in 1748)

— The configuration of a vibrating string at some point in time
s a linear combination of these normal modes

« D. Bernoulli argued (in 1753)

— All physical motions of a string could be represented
by linear combinations of hormal modes

— But, he did not pursue this mathematically

« J.L. Lagrange strongly criticized (in 17359)

— The use of trigonometric series
in examination of vibrating strings

— Impossible to represent signals with corners

using trigonometric series




* In 1807, Jean Baptiste Joseph Fourier

— Submitted a paper of using trigonometric series to represent
“any” periodic signal

— It is examined by
S.F. Lacroix, G. Monge, P.S. de Laplace, and J.L. Lagrange,

— But Lagrange rejected it!

* In 1822, Fourier published a book

“Theorie analytique de la chaleur”
— “The Analytical Theory of Heat”
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* Fourier’'s main contributions:
— Studied vibration, heat diffusion, etc.

— Found series of harmonically related sinusoids
to be useful in representing
the temperature distribution through a body

— Claimed that “any” periodic signal could
be represented by such a series
(i.e., Fourier series discussed in Chap 3)

— Obtained a representation for aperiodic signals
(i.e., Fourier integral or transform discussed in Chap 4 & 5)

— (Fourier did not actually contribute to the mathematical
theory of Fourier series)



» Impact from Fourier's work:

— Theory of integration, point-set topology,
eigenfunction expansions, etc.

— Motion of planets,
periodic behavior of the earth’s climate,
wave in the ocean,
radio & television stations

— Harmonic time series in the 18th & 19th centuries
> (Gauss etc. on discrete-time signals and systems

— Faster Fourier transform (FFT) in the mid-1960s
> Cooley & Tukey in 1965 discovered independently
> Can be found in Gauss’s notebooks
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= Basic ldea:

- To represent signals
as linear combinations of basic signals

= Key Properties:

1. The set of basic signals can be used
to construct a broad and useful class of signhals

2. The response of an LTI system to each signal
should be simple enough In structure
to provide us with a convenient representation
for the response of the system to any signals
constructed as linear combination of basic signals



= One of Choices:

« The set of complex exponential signals

signals of form et in CT
signals of form z" in DT

= The Response of an LTI System:

input —>-—> output +o0
y(t) = ] 2(T)h(t — T)dr

z(t) h(t) y(t) oe

: t , 4 ) .
CT: et — H(s)e® eigenfunction

DT: 2" — H(2)z" eigenvalue



Let «(t) = ¢* Let z[n] = 2™

+oo T
W= [ noat-ndr vl = 3 hlkleln—H]
— / h(T)F‘S(f T) R_Z_m hlk)z"" —d
+o0
= % f_—:ﬂ h(r)e “"dr = 2" ?,;:Z—oo h[k]2~F

= y(t) = H(s)z(t) = H(s)e* = y[n] = H(z)z[n] = H(z)z"

o0 +oo
H(‘?) = L; h;(T)E_STdT H(z) — Z h[k]z“‘[‘:

k=—00



= Eigenfunctions and Superposition Properties:

t 51t

a1e’l® — a1 H(sy)e

ebfct_;.-—} H(Sk) esﬁ;t l‘]?ﬁsgt . {le(Sz)ESEt

s3l 53t

aze’s” — agH(s3)e

z(t) = ay et 4 ap et 4+ agze®3t

y(t) = a1 H(s1) eS1t + ar H(s9) e521 + a3 H(53) 53t

= z(t) = Zakeskt — y(t) = ZﬂkH(f%)eSkt
k k

= x[n] = Za’kzhn — y[n] = ZakH(z;ﬂ)zk”
k k
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= Harmonically related complex exponentials

2): o=

j 3 .Iri; -
ék(t)=e¢"“”“*=e3(’r ,  k=0,£1,£2, ...

= The Fourier Series Representation:

40 oo o “+co jk(gf)t
2(t) = Y apop) = Y apedFU00 = N g\ T

k=—00

k=+4+1,-1:

k=42, -2:

k=—c0 k=—c0

the first harmonic components
or, the fundamental components

the second harmonic components

etc.



= Example 3.2: ap =1

_ 1

+3 , a1 —a_1 — 4

(t) = >  apel L0 ap =a_op = %
S a3z = a_3z = %

1, . ,- 1, _
= T(f) — 1+E(€J2ﬂ£+€_-jzﬂr)+5(EJ47T£+E—J4?T£)

_|_1(Gj6ﬂt _I_ {f—jﬁﬂ-t)
3

1 2
= z(t) =1+ = cos 2wt + cos4ant + gcos 6t

eI? = cos(8) + jsin(6)

1 . .
cos(8) = Q{E-:Jﬂ + e~79)

i 1. . e
Sin(g) = F{gﬁ"-g 39,
J




1 2
x(t) =1+ > cos2nt + cos 4t + 5 COSs 67t

x4t 15 cos 2ot Hplth + 2 1]

5
:

Ho(t) = cos dnt xft] = 2q0t) + xait)

3

xgitl = £ cos Brt xif) = xglth + 2 ft) +xalth + Xalth

2



= Procedure of Determining the Coefficients: wg= T

+o0 _

k=—cc
. +oo | |
:I;(t)e_j‘.nwui — Z akﬁjkwgfe—j nwot
k=—00
T . 7 o0 , |
/ m(t)e_j”w@tdt — Z arkejkwote_j'”wﬂtdﬁ
0 0o ,

Foo T
= > UU Ej(k‘")wﬂtdt]

k=—

T . T T
j(k—n)wot 74 B 1 _ _ B |
14} e otdt = _[0 CoS ((k ﬂ)ugt) dt + 3/(; sin ((k n)mgt) dt



= Procedure of Determining the Coefficients:

T . T T
j(k—n)wot 5, — . - - . 1
[0 e 0tdt = ]D COS ((k} n)wat) dt + j/o sin ((k: n)ugt) dt
T, k=n
B 0, k#n

T —jnwot 1T —Jjnwql
= [Oa:(t)e JHONdt = anT = an:%f@ xz(t)e 70 g

1 /T il
= ap = §£) z(t)e IFwot gy

e Furthermore,

Ck=m)uwoty, — | Ty k=m _ l/ —jkwgt
/TE dt { 0. k#n = 0= Tm(t)ﬁ dt



In Summary:
e [ he synthesis equation:

+ o0 _ 400 | -
k=—o0

k=—o0

e [ he analysis equation:

1/ e 17 o
ap = —/ z(t)e Ikwot gy = —/ z(t)e Ik(2m/T)t gy
TrJT TJT

FS _ _ _
o x(t) «—— ayp: CT Fouries series pair

e {a;}: the Fourier series coefficients
or the spectral coefficients of z(t)

1
® ag = ?f z(t)dt, the dc or constant component of z(t)
T



= Fourier Series of Real Periodic Signals:

o If x(t) is real, then 2*(¢t) = z(t)

k=—00
+ 00 +oc

— Z ale JRwol — Z a* ejk%gi
k=—o0 k=—00



= Alternative Forms of the Fourier Series:

o0
= z(t) =ag+ ). ’(Lkﬁ'j kwol 4 g e~ ""“’01
k=1

akﬁjkwgt 4 azﬂ—jk‘moi}

cc.
ag+
k=1

I::CI .
ao+ > 2Re {akejk"”ﬁt}

k=1



= Alternative Forms of the Fourier Series:

o If o = Ay ed Ok
':ﬁ - .
= x(t) = ag + 2 Re {A;E. ek ejmﬂt}

k=1
{x:} '
—at+ 3 2 m{ﬂk Ej(kwgt-l-ﬂk)}
k=1
o0
=ag+2 Z Ay, cos(kwot + 0.)
k=1
o If ap = B+ 7 Cy B/ = cos(8) + jsin(6)
- @+ DT i) = (ac —bd) F j(ad F c)
= z(t) = ag + Z 2 ’Re{ (B;ﬁ + 7 O;f_) ejk“”ﬂt}

fr=

o0
ag + 2 Z [Bk cos(kwot) — O, Sin(kw[}t)]
k=1



+o0 ) “+oc | .
| E)(amp|e 34 _r,i‘;(t) = Z U-lt,-_-ﬁjk:'t"'}m' — Z ”I#ﬁjk(g‘r/j )17

k=—oc k=—00

x(t) = 1+ sinwgt + 2 cos wgt + cos (2u;gt -+ %)

= xz(t) = 1—|—2ij [ej“’ﬁt - e‘jw@t]-l-[ej"‘”ot + E'j”'ot]

‘I'% [ej(ngt—{—ﬂ/ﬁl) + E—j(?*u:rgt—l—ﬂ/él)}
1 . 1 .
= a(t) =1+ (1 + —_) ot 4 (1 - —.) e~iwot
2) 2]

+ (EEJ(?T/!—'I-)) Ejg-wot + (le—j[ﬁ/fﬂ-)) B—jQth
2 2

L9 = cos(8)+jsin(6); cos(f) = %{ejﬂ-}-ﬁ‘j'q]; sin(f) = %{ejﬁ—e‘ﬁ)
¥




= Example 3.4:
(apg = 1,
n o= (143) -
— 1 —
a1 = (1-5) =
=
as = %Ej{ﬂf‘i) =
a_n = %H_j{ﬂ-ff‘r‘l) —
\ g - 01-
Tm 1t a= (b, c)
@l
Ja

>> a1l =1-0.5j

1.1180

>> abs(a1) " 0.5000
>> angle(a1)
1- %j I
1 321 0 1 2 3 k
l + Qj:-
0.7854
V2(1 + ),
o | |
Q(l ), = |-1 3 k
k| > 2 -0.4636
1 = |ale’"
o = |a| | cos(J a) + jsin(J a)
a=b+ je= V42| L _+j——=L
/ | Vb2 42 jxfb2+c2_




1y - 1 .
= Example 3.5: % = ?/T:I:(t)e Jkwot gy — E/Tm(t)e jk(2m/T)t g

Wl

| ] - en [ <
oo = { 0, Ty < |t| <T/2
1 i 2T}
ag = —f dt = ——
T)-T4 T
' T
1 , | 1
ﬂ,k - i/ 1 E_kaﬂtdt p— _;B_,}'kw[}t
T —T]_ _?k’LUDT —Tl
2 elkwoll _ —jkwoTh o
- kwoT 2j wo = e

__2sin(kwoTy) _ sin(kwoTy) _ sin(k(27/T)T1)
- kwoT  km km ’




= Example 3.5:
T = AT

Ta ke

T = 8T}

)

T = 16T}
TL’L;L.

sin(k2m4L)

Tay =T

Tap =T

Tap =T

kx

sin(k%5)
km

sin(k%)

ki

ic)

sin(kg)

2T
wn — —
¥ T
w = kwq
in(wl
Pl 2sin(wiy)
w
21T
wl] = k (—) T
1 T 1
_ 2km
A
in(mo
sinc(08) = 2N
at’,
= N
e
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» Fourier maintained that
“any’ periodic signal could be represented
by a Fourier series

* The truth is that
Fourier series can be used to represent

an extremely large class of periodic signals

* The question is that
when a periodic signal x(t) does in fact have a
Fourier series representation?

. ; ] QT‘IT - — _ _jﬁ_.(z,-,j." T}t
z(t) = ) ayelk(2m/T)t a T]T:r(t)e dt

k=—o0



* One class of periodic signals:
« Which have finite energy over a single period:

2 1 e
x(t) < dt < oo = a=—/:1:te'? O*dt < o
[ 1= e = | 2(0)

+N |
m;\,r(t)z Z ukejknrgt

k=—N
+oo _
en(t) = z(t) —zn(t) e(t) =x(t) — Y apelor
k=—oc
EN () = [ len (O E@®) = [ le®Pdt = 0

+o0 ‘
— 0 as N — oo z(t) = ) ape?®0 w7

k=—0o0



= The other class of periodic signals:
« Which satisfy Dirichlet conditions:
« Condition 1:
— Qver any period, x(t) must be absolutely integrable, i.e.,

| o h
Jple®ldt <o 5oyl < [ laemdkeot ar

{1

’ 1
i :‘ i = — x(t)dt < oo
i i : T/T (%)
1
k_ 1 ; | :I:(t):;, 0<t<1
L _1! i i

i 1 o t

{a)



= The other class of periodic signals:
« Which satisfy Dirichlet conditions:
« Condition 2:
— In any finite interval, x(t) is of bounded variation; i.e.,

— There are no more than
a finite number of maxima and minima
during any single period of the signal

1)

. ” /\ A
/\ :I:(t)=sin(2%)= O0<t<1
l\/ / “/ fol|:1:(t)|rﬁ;{1

(b}




= The other class of periodic signals:
« Which satisfy Dirichlet conditions:

+ Condition 3:

— In any finite interval,
X(t) has only finite number of discontinuities.

— Furthermore, each of these discontinuities is finite

{1

ai|

s

1

()



= How the Fourier series converges
for a periodic signal with discontinuities

« In 1898,
Albert Michelson (an American physicist)
used his harmonic analyzer
to compute the truncated Fourier series approximation

for the square wave Xl

+N |
en(t) = Y apelhot
k=—N

—g. 1At i-1 -0
21(t) = a_1e 71l 4 g9 4 ae? P ot



Xyt Kyt

AN P
-y ZQG*
\ N=3 M=7

f - A Y ~]
S -T, 0 T, S VT 0 TV
i) ()

x5 x( +
xn(T1) = (7)) + oy

2
 Michelson wrote to Josiah Gibbs

« |In 1899, Gibbs showed that

*y(t)

_T1

N=7%

"ﬂl—T, D 9 o

&)

— the partial sum near discontinuity exhibits ripples &
— the peak amplitude remains constant with increasing N

« The Gibbs phenomenon
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= CT Fourier Series Representation:

e [ he synthesis equation:

+C3C' ) —I—Q.:. _ -
x(t) = ). apel kot = S a,elk(2m/T)t

| k=—00 k=—

1
T moA L R f |

e T he analysis eguation:

1/ e 17 i
ap = —/ z(t)e Ikwot gy = —/ xz(t)e 7k(2m/T)t gy
TrJT TJT

7S | | .
o z(t) —— ap: Fouries series pain



Section Property
3.9.1 Linearity
3.5.2 Time Shifting
Frequency Shifting
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3.9.3 Time Reversal
3.5.4 Time Scaling
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3.5.5 Multiplication
Differentiation
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. . 1 T
= Linearity: ag = Efrﬂt(f;)e Jkwot g

e z(t),y(t): periodic signals with period T

FS T |
.’L‘(t) — Qf m(t) — Z ake‘j‘k'u:gt
k=—00
FS T |
y(t) +— by y®) = 3 byelmwot
m=—c<
FS
= 2(t) = Az(t)+By(t) —— ¢ = Aap+Bby
+o0

()= > cpelFwot



= Time Shifting:

e z(t): periodic signal with period T

FS
x(t) «—— ap

FS . — k(2T
= x(t —tg) «— e_Jk“UfDakze 1 (T) Oa.;a

1 .
b/c b= E/Tﬂt — !.D)e_ﬁ”””f‘da’,
— l/ $(T)E_jkwﬂ(ﬁr+iﬂ)d’?"
TJT

= e~ Jkwoto l/ z(1)e IkwoT g1
TIT



= Time Reversal:

x(t) AN aj, z(t) =
= x(—t) L a_j z(—t) =

o If 2(t) is even, i.e., z(—t) = z(t)
= aj IS even, i.e., a_; = ayl
o If x(t) is odd, i.e., z(—t) = —z(t)

= aj IS odd, i.e., a_p = —ap

RG]
D ake

k=—00

5 ()
Z ape

==—00

iacs jm(%
Z aQ—me
m=—oo



= Time Scaling:

e 2(t): periodic signals with period T

and fundamental frequency wq
e z(at): periodic signals with period E

and fundamental frequency awg

z(t) = Z {];g;Ej'IL'“’Dt — Z ape T
k=—o0 k=-—oc
+oc +o0 0o (27
i kc
;13((1-5) — Z akejkfl.n(fkt) — Z EI,!;EJ “’(T
k=—o00 t=—00

+o0 " 00 ' (?}T
—_— Z akejk({kﬂjﬂ)‘{ —_ Z ake (H)

k=—o00 k=—o00c



+00
= Multiplication: ()= S cpedkwot

k=—o0
e z(t),y(t): periodic signals with period T
FS = lwol
z(t) «—— ay x(t) = Y a0
[=—c0
+co _
y(t) &? byl y(t) = Z b el "0t
m—=—0oQ

= z(t)y(t): also periodic with T

F&
2(t) = z()y(t) —— ¢ = Y apbp_



o
Differentiation: w(t) = Y ageltwot

k=—o00
e z(t): periodic signals with period T
FS

x(t) +—— ay
d FS
—x(t) «—— Jkwg ag
dt

+cc _
:II(t) — Z ag Ejﬁ.‘ﬂ:ot

=—00



. oo ,
= |ntegration: () = Y agedkuol

k=—oc
e x(t): periodic signals with period T
FS
x(t) +—— ay
t FS 1
f x(7)dr < y - a
—0o0 1kwq
+c0 _
ﬂl(t) — Z ay Ejﬁr*u:{,t



Conjugation & Conjugate Symmetry: toc

FS _  kwot
x(t) +—— ay z(t) = X Y. a MO
NN
FS
z(t)" +—— a_p] +00 _—
= Z ag E‘? ‘0
o x(t) =x(t)" = a_j = a e
+oo0 _
z(t) is real = {ay} are = Y q e Fwo
=—0

conjugate symmetric
ox(t) =z(t)" & z(—t) =z(t) > a_p =a &a_} = ay
= aj, = aj.

x(t) is real & even = {a;} are real & even

o z(t) is real & odd = {a;} are purely imaginary & odd



= Parseval’s relation for CT periodic signals:

« As shown in Problem 3.46: oo .
E(t) — Z akejh'u,gt
+ oo = —
1 2 2 o0
5[_?‘1*(!;)‘ ad = ) ‘ak‘ 1 L
' k=—c0 ap — —/ 2 (t)e I " WOl dt
TJT

1
-T2 ~Ta Ty 2 1 4 0 4 k

Parseval’s relation states that

the total average power in a periodic signal
equals

the sum of the average powers

In all of its harmonic components



TABLE 3.1 PROPERTIES OF CONTINUOUS-TIME FOURIER SERIES

Property Section Perindic Signal Fourier Series Coefficienig
#)] Periodic with peried T and a, B
(11| fundamental frequency ey, = 2T By
Linesrity 351 Az + B Aay + B -
Tirme S]‘li.fti]‘lg 352 x(r. Tl:l} . a;_ﬁ—ﬂmu-.u = gpe 2T T
Frequency Shifting gl — G HEITTI 45y de_m
Conjugation 356 x'r) ar,
Time Reversal 353 x(—1) ao)
Time Scaling 354 o), o = (0 {perindic with period Tia) e
Periodic Convolution j 2wt — ridr Ty
¥
Multiplication 55 w{hpie) E b
£ =
. d ) 2
Differentiation %r} Jhkugay = fk 2
, ! {fimite valued and ( 1 ( i )
Init L rhdr e = = =
e J O eriodic only if g = 0) g (57 a1
ap = a,
Rela,} = Tela_ )
Conjugate Symmetry {or 356 a0 real ey} = —Fewdie_y}
Rezl Signals lay| = |e-al
Ta, = —du_g
Real and Even Signals 1356 x(1) real and even @y Teal and even
Fesl and Odd Signals 156 a1 real and odd iy purely imaginary and odd

Even-0dd Decomposition

of Real Signals

{xp[r} = Gu{alrly  [x(f) real]
x, (1) = Odi{x(n}  [xir) real]

Parseval's Relation for Perindic Signals

1 2 7
7 L|x(1]_"|:ff = > |mf

o=

{eda}
Jdwafa,}




Example 3.6: FS
x(t) +—— ay

:t:(t):{ 1 |t <Ty

- B = Bl

-T2 =5 . 2 T 1 . _&
al 0 T
sin(k(2=/T)T
5 |({T;';}1), k0

K
3 g(t):m(t—l)—l/?
with T=4,Ty =1

FS ;
e(t—1) «—— b, = ake_jkﬂ/z

BN TS | agem3¥m/2, for k# 0
gy == L)1 {(1.0—1/2, for k=0

sin(km/2) ,—jkn/2 i
L Sl e=ikn/2 for k # O
for k=0



= Example 3.7:

T=4

FS

g(t) +—— d;

=z

FS
x(t) +—— e

FS&

S —x(t) «—— Jkwp €y
= (t) jkwo ey

o(t) = S a(t) <= dy = j(n/2)e

e = 9

23l KI2) 4
d;, = 5;'8;5;)5 )e=ikT/2 for k # 0O

for k=0



= Example 3.8:

oits
1 FS _
g(t) +—— cp
o fl .
- q(t) = %y(t) > by = jkwocy,
| Fi1. . Fs
I T2 T TiE T l t Q(t) o T— bk
g(t) =2(t+Ty) —2(t —T7)
© — b, = ejkw.,ﬂ’]ﬂrk _ E_ﬁcwﬂrlﬂg
[ : T FS 1
oF T t :'U(t) —t =

A



= Example 3.8:

by = e’ kw':'Tla-.t; —eV kwﬂﬂﬂ-,ﬁ;

;1 [eikuols _ g=ihuo)

__2gsin(kwoTy)

T
by, = jkwgcy,
k# 0 cp = jﬁf; - 27 S;:f:ﬁ;;?Tl} _ Siﬂ(&;:roﬂ)
E=20 co = &
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» Harmonically related complex exponentials

| (27
o[n] = eTFwon = e:"k(”‘ )”3 k=0,+1,+2, ..

dr+nln] = JEENF)n _ 6(5F)m 3 (5 )

= ¢rln] = dp4nlnl =+ = dp4 » N7l

» The Fourier Series Representation:

¥ )n

ol = Y aggilnl = ¥ agedteon = 3 a0

k=< N> k=< N> k=<N>



= Procedure of Determining the Coefficients:

z[0] = > ag
k=<N>

x[1l] = Z ake (2_"?)
k=<N>

z[2] = Z ﬂhe. (%)
k=<N>

z[N-1]= ) .':LJ[E.E“TMnv )(Wr)

k=<N>

Dar

and Y~ e‘?m(w

n=<N>

o

N, m=0,+N, 42N, ...

0, otherwise



= Procedure of Determining the Coefficients:

zln] = Y akejk(z_‘"‘?)n >

k=< N> n=<N2>

Z z[n]e j?"(?\?)nz Z Z Elkej(k ?*)(ET"')H

n=<N> n=<N>k=<N>

S z[nle j’r‘(?{f)nz Z a 3 ej(k r)(%?)n

n=<N> k=< N> n=< N>

== [I-TN

1

_anf2r),
el s e
N??J:f::ff:}

"



In Summary:

e [ he synthesis equation:

T k(gﬁ).
z[n] = Z ake_jkugnz Z akej N |

e T he analysis equation:

1 S 1 —jk( ¥
ar=— > z[nle Jhuwogn — — Y z[n]e ! (*"‘ )n
Nﬂ=¢-’.N} Nn=¢:Nl‘:'
Gf = Ak N
FS . X )
o z[n] «—— ap: DT Fouries series pair

e {a;}: the Fourier series coefficients
or the spectral coefficients of z[n]



= Example 3.11:

zln] = 1 + sin(

= z[n]= 1 + i [ej(



1 = |ale’*"

b = |a| | cos(J a) + jsin(Ja)

= Example 3.11:

i

ag =
- (24 1) = 2 _1; _ .
2 = (g*‘z{j) — 2 215’ a=">b++ jc= Viitc? v’; 02+JV,2“' 5
oty = {R—k) = by Vot i
— L
az = 25"1
a2 = —3J
| @y = 0, othersin <N >
RF{H,;‘} N =
Imiay}
2H i M 2M k

1 -T2

a ib



= Example 3.12:

LT e et = { e

-N, 0 N, 0, others in

' Ny
1 N , '2?r 1 s 2my .
=N > 1. e Ik (F ) E Z (g -”*-i;w))”
1
"N

()7 + () 4+ ()M

1 {1 — (.)(2N1+1J

o ICAE

eletm=n+Njyorn=m-—N;

1 QW' 23 1 ik 27 N 2\{ ” Do
ap = — Z E_Jk(‘%)(’m Ni) — FE? (T) 1 Z E—j (W}m

N m=o m=0



= Example 3.12: L — e = ¢ #/2 (2 — ¢ 92)
ok #0,+N,+2N, ...

e _—ik(3E) (2N +1)
ap = ie“’(%)“'l (1 €

1
N 1 — e—ik(%F) (N1 + 5)

ik (55%)

L e IR (ZE) (2N +1) _ E—jk(%){zﬁﬁnl

N e_jk(%) {effk(%) — e_jk(%)]

ek =0 +N,+2N, ...




= Example 3.12:

e2N1+1=5
I‘-P'\.l'rz 10 L:L: ==|== ==|== ==|== =¢-|=;| ‘:J;J -‘::l.-r ==|== ==|== =;|=;H
U I D I i A Y I A O I
o N =20 _u.W_L[Hmm.m.m.l|HHI.]TT_JJ£ETJ|.‘.U“[:”lém_m_l‘HI_LWLU_WLMMLk
(=]

PY ‘I,?\IT — 40 T.MMMM
(&)



= Examples 3.5 (CT) & 3.12 (DT):

El
‘1
et et i - ____‘_____.__ T
e e T vz T




= Partial Sum:

2

znl— > akej’“(?‘?
k=N
o If N is odd
M |
#n]l= > akejk(
k=-M

e If IV IS even

2
N

)n

)ﬂ.

=1 —9 18 i
(2

x[n] M == 2

18 g 0 'L 18 n
{bi

Y M=3

—i8 g [ 9 18 n
ic)

M=4

—1g Teet g eeee T veee Tttt o



= A Historical Perspective

= The Response of LTI Systems to Complex
Exponentials

= Fourier Series Representation of Continuous-
Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation of Discrete-Time
Periodic Signhals

* Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters



Section

Property

Linearity

Time Shifting

Frequency Shifting

Conjugation

Time Reversal

Time Scaling

Periodic Convolution

3.7.1

Multiplication

3.7.2

First Difference

Running Sum

Conjugate Symmetry for Real Signals

Symmetry for Real and Even Signals

Symmetry for Real and Odd Signals

Even-Odd Decomposition for Real Signals

3.7.3

Parseval's Relation for Periodic Signals




TABLE 3.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES

Froperty Periodic Signal Fourier Serles Coefficients
x[wu] | Periodic with perind N and ag | Periodic with
w[n] | fundamental frequency wy = 27V by | period N

Linearity Axlin] + Byln] Adg + Bhy

Time Shifting x[r = ] P LTS

Frequency Shifting MmN ] e P

Conjugatiomn x[w] a-,

Time Reversal x[—n] g

Time Scaling aln] = xlmfm], if wis & multiple of m —Ia; (vn:m::l i pm-judll:)

i

Periodic Convelation
Multiplication
First Dhfference

Funning Sum

Conjugate Svimmetry for
Real Signals

Real and Even Siznals
Real and Odd Signals

Even-06dd Decomposition
of Real Signals

i, if ri is not a maltiple of
(periodic with pericd )

z xlrlv[n—r]
]

x[nlvin]l
x[w] — x[n - 1]

\“ 4] I‘nite walued and perindic only
P fag =10
] real

x[n] real and even

x[n] real and odd

(10—t i
x.[n] = Od{x[a]] [x[n] real]

with period md

Nery b

l: @by s

=43
[1—e 'M:"""‘.’ja*

(H'— ¢ ].iif-‘-er-}]“*
Ty =
Refa } = mfiﬂ—k]‘
dmige) = ~Omia. .}
lete| = |m-il
dap = —Le_g
a, real and even
e parely imazinary and ndd
Bty }
Fmfac)

Parseval’s Relation for Perodic Signals

5 2 il = 3 laf
ey Pt



= |n Summary:
e [ he synthesis equation:

ale] = 3, ape’on = 2 %Ejk(%)n
pirs k=<N>
- ... JU0L.... I
e The analysis equation:
ap = %n:;:[n]e—j*‘““’ﬁ” = %n:;wwln]e_jk(
sl ol 0 i

FS
o z[n] —— ap: DT Fouries series pair



= | inearity:

e z[n],y[n]: periodic signals with period |
FS
z[n] «—— ay

FS
yln] +—— by

= z[n] = Az[n] + By[n] PN ¢y, = Aay, + Bb,.

= Time Shifting:

FS
z[n] «—— ay

27

s
FS N

— —'.ﬁg( )‘”-
= z[n —ng] —— e IFWON0G, =¢ ay,



= Multiplication:

e z[n],y[n]: periodic signals with period NV

- Hlwgny
FS zln] = ael 0
z[n] «—— ay E=§\T;~
yln] —— b |
yinl = Ok yln] = Z bme’lTHon
m=<N>

= z[n]y[n]: also periodic with N

FSs
z[nlyln] «—— dp= > a;byy

r
—.-*"i,.".
— -]

Tk ¥

= a periodic convolution



= First Difference: zln] = 3 apelkwon

I=<N>
FS
x[n] +—— ay
Fs —TRw — R(g—?) n
= z[n —ng] —— e Jhwon0g, = IR\'N oy
— —jkw —fﬂ(%)

3

L]

z[n] — z[n — 1] e (1 _ E—jk’ﬁ—)) a,



» Parseval’s relation for DT periodic signhals:
« As shown in Problem 3.57:

':L'[Tl] — Z ﬂkejkwﬂn
k=<N>

2
~ [n] :
_Z ,‘;B n ‘ k_ﬁh}‘a’;"‘ ap = % z LIZ[TL]E_jkaR

n—a< N>

) 0Ly I IV LM | I

« Parseval’s relation states that
the total average power in a periodic signal
equals
the sum of the average powers
in all of its harmonic components
(only N distinct harmonic components in DT)



= Example 3.13:

HH‘H!HH\H el g
,HJ_L[HLLLHJJ_LJ z1[n] s by

#g[1]
xo[n] —— cp

-TTITTTTTHIHTH

e}

18in(37k/5) * for k # 0,45, +10, ...
= b=

5 sin(wk/5) °*
= Cl. = {

for k= 0,45, +10, ... z[n] = w1[n] + 22[n]

for k # 0,4+5,+10,... = af = by + ¢g
for k = 0,45, +10,...

¥

= 0O w



= CT & DT Fourier Series Representation:

. 5 1 Y Ja
)= > eIkwot ap = —/ z(t)e IFwot gy

| BE CTFS |H|
1 f:! 1y r,-_. 1.:': f I I( ) A — a-';v « 6 d §

E

] S i‘

1O S O

=F'=d 0 478
jkwon ap = i Z I’[H]B_jkwon
el = 2 axe ¢ N Z2ns>

k=<N>



= A Historical Perspective

= The Response of LTI Systems to Complex
Exponentials

= Fourier Series Representation of Continuous-
Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation of Discrete-Time
Periodic Signhals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters



= The Response of an LTI System:

CT: et — H(s)e*

DT: 2" — H(z)z"

oo —st .
H(s) =/ h(t)e °“dt = the impulse response
— 0
+oc
H(z)= > hk]2—" = the system functions
k=—

o If s = jw or z = eI¥:

+o0 :
O f h(t)e Itdt

—_0
= the frequency response

| +20 |
H(e)= Y h[n]e~7vn

n=—0o0



a = |a|ed*

H = |H|ef*H

: CT: Egit — H(Si)esit
m — — out

DT: 2l — H(z)z]

= |[n Summary:

( 8 = jw; or z; = el¥i )

~+co +oo
z(t) = > aye*o — y(t) = Y ag H(jkwg) 0"

k=-00 k=—00

.’.IT['H:] = Z g ejk[%)n —_ y[ﬁ] — Z aj H(EJ(E)#‘) ejk(%)n

k=<N> h=<N=



= A Historical Perspective

= The Response of LTI Systems to Complex
Exponentials

= Fourier Series Representation of Continuous-
Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation of Discrete-Time
Periodic Signals

= Properties of Discrete-Time Fourier Series

= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters



» Filtering: in _;.-_;. out

« Change the relative amplitudes
of the frequency components in a signal,

— Frequency-shaping filters

+ OR, significantly attenuate or eliminate
some frequency components entirely

— Frequency-selective filters



= Frequency-Shaping Filters:
« Differentiating filter:

x(t) —b-—b y(t) = %m(t):

H(jw) = jw

| Hiju) |

~

L{1]

A Hjen)

rald

|
rai




Frequency-Shaping Filters: “ ——

H(jw) = jw

« Differentiating filter on enhancing edges:




= Frequency-Shaping Filters:

« A simple DT filter: Two-point average

yln] = % (‘I,[n,] + z[n — 1])

y[n] = H(™) z[n]
1

— H(ei"-?-"-') — = {1 + E—jfu:} — %E—j(%) lej(%) + E—j(%)

— ¢ (%) cos (%)
|H(Eju:)| 1||H:a'~'.1| ‘i H(E_jﬂ:)

N

T Hil*|
422

0

)

yln] = H (e:f(%)) ol (B)m

il

+-mi2



Freqguency-Selective Filters:
« Select some bands of frequencies and reject others

H(jw _ _
(13 ) CT ideal lowpass filter
{ 13 |'?.U| S IIUE‘.'
H(jw) =
—tn, 0 fu}c ab
+~—§&tophand-——s|+~— Passhand—s|«~—Stophand— 0, |’UJ| > We
H(jw) _ _ |
1 CT ideal highpass filter
O, |T.U| < We
We - H(jw) =
(ah 1, |w| > we
H(jw)

CT ideal bandpass filter

1

1, wer < |w| < wep

s g T-U(;]_ wcz n3 H(.?w) prm— {

(b) 0, otherwise



» Frequency-Selective Filters:
« Select some bands of frequencies and reject others

H(Ej’h‘:)
1 e
I I | | i .
> T ol 0 we T 1 57 DT ideal lowpass filter
{E};, 27‘1— — We
H(el™)
— ! | - DT ideal highpass filter
(b}
H(L‘w}

| | DT ideal bandpass filter

=21 -1 ™ 2w

(e}




= A Historical Perspective

= The Response of LTI Systems to Complex
Exponentials

= Fourier Series Representation of Continuous-
Time Periodic Signals

= Convergence of the Fourier Series
= Properties of Continuous-Time Fourier Series

= Fourier Series Representation of Discrete-Time
Periodic Signhals

= Properties of Discrete-Time Fourier Series
= Fourier Series & LTI Systems
= Filtering & Examples of CT & DT Filters



= A Simple RC Lowpass Filter:

+wdt] -

Input signal: AN Output signal:
“U,:,-(t) — Ejfu:rt A Uff(t) — H(ju-‘)eﬁ”t
—— ) () ¢ = v ——

5(¢) ) h(t)

u(t) s(t)

d
= RC E'Hc(t) + ve(t) = vs(t)

d . gt . art gt
= RC o [H(,}*ur)ef } + H(jw)ed' = ¢/

= RC jw H(jw)e!"! + H(jw)el ™ = et

1
1+ RCjw

= H(jw)el"' = et




= A Simple RC Lowpass Filter:

. 1 1
= H(jw) = 1 + RCiw = h(t) = e e~ t/RC u(t)
H = |H|ei* ! = s(t) = [1 — E_r’/RC] u(t)
|H(jw)| i h(t) impulse response
Y H(jw) ) s(t) step response
N h 1/RC 1—1; —————

]
{foh



h Output signal:
= A Simple RC Highpass Filter: 58; U?‘_?t)pi ;'(gjla)ejwt

Input signal: ‘V“i&r

vs(t) = eIt |

— s 1) (_:) c :; ve [t
6(t) '
u(t)

d d
= RC —uv,(1) + v,(t) = RC —v4(t
dtr()—l-f() dts()

~f Jwt v iann oW Jwt
= RC — [GGw)e!™] + G(jw)e’™! = RC e

= RC jw G(jw)e’™" 4+ G(jw)e!™" = RC jw ™}

. T8 jw RC’ q il
— G(iw Ef"'”” — e_}“u |
(jw) 14 jw RC




= A Simple RC Highpass Filter:

= G(jw) =

GUw)|

$G(jw)

(Gl

jw RC

1+ jw RC

. G{jual

1R

i — =

1MRC

I o 1/RC
\Y — =i
=2

.

[{+]

vr(t) = vs(t) — ve(t)

= ru,,.(t) —] E_WRC ’u.(t)

vr(t)

step response




= First-Order Recursive DT Filters:

y[n] — ay[n — 1] = z[n]
o If z[n] = /%™, then y[n] = H(eI%)eIWn
where H(e’"): the frequency response

= H(C"‘ U') G"'; win. a H((—f‘i ur) e.’f”"(”'_l) — ej.wn

= [1 _a G—j-u:] H(Ej-u;) pJwn — jwn

1

= H(e!") = .
1l —qgeJdw




= First-Order Recursive DT Filters:

- 1
H ,‘Tlu] — . minl = a: -
(&) Sy y[n] = ay[n — 1] + z[n]
lowpass filter: 0 <a < 1 highpass filter: -1 <a <0
53 | Heek |
|H(ij)| Y a= 0.6 a=-0.6
2L
1 1+
' — - ] ®
— 71_ © -71_
(1 H(Ejﬂ;) L H(e™) L H{p")
e T
-/f-'ﬂ 71:"_ [ - TN, u
7
_; _,H




= First-Order Recursive DT Filters:

yln] = ay[n — 1] + z[n]

lowpass filter: 0 <a <1 highpass filter: —1 <a <0

y[n]

“"H”Hlnmm,,,,mm_,n, l | [ [T

(L)

Ju..mnmml]l”””H”




= Nonrecursive DT Filters:
« An FIR nonrecursive difference equation:

M
ylnl = > by z[n — K]

k=—-N



= Nonrecursive DT Filters:
« Three-point moving average (lowpass) filter:

1
yln] = 3 (:;:[n + 1] + z[n] + z[n — l])

= h[n] = % (5T + 1] + 8[n] + 6[n — 1])

o 1, . L
— H(E‘;r_{.):g(e‘ju_i_l_l_e ju.):
|H(Eju:)|

(1 -+ QCOSw)




= Nonrecursive DT Filters:
« N+M+1 moving average (lowpass) filter:

1 M
y[n) = x[n — k]
N+ M+1 k:z—z\-'
| 1 M _
= H(ﬁ,h"{{-*) _— Z E—jwﬁc
N+M~+1 , "y
M4+N+1
. q —M \Ssinw
= H(JY) = ! u(#5H) ()

N+M+1° sin (%)



Nonrecursive DT Filters:
« N+M+1 movina averaae (lowpass) filter:

|H(e~?“:)|
M=N=16 1
() 5

|H(Eju:)|
1

M=N =32




= | owpass Filtering on

350 r

Dow Jones Weekly ) |
Stock Market Index: el h S

150

100 — Un VN

EZ I
I

Jan Jan Jan Jan Jan Jar Jan Jan Jan Jan Jan

1627 1E@E 1820 E30 193F 0 99G2 1953 1934 1936 1E38 1937

8l
400 400
850 ,-"ﬂl 2
00 ann / \
\ !
250 f _\ 250 ,.-';‘
0 - 200 —
. ) = N
L] oy
160 l\‘-‘ . — f 150 —
100 '\ = !"/ 100 \ _.a-"'"
i B
a0 J &0 f—o, —-F‘-/
0 , l o . i
s A S RN S e J Ja A dam an Jr F
An an In A LTy Jan Jan Jar -] A J J
1927 1928 1029 9930 193 532 1983 1934 1% 1936 1937 1927 1928 1g3g 163 16 19:3|2 19:;3 19?:;.-'4 1-;:3“5 193;5 1‘153.”?

51-day moving average 201-day moving average



= Nonrecursive DT Filters:
« Highpass filters:

z[n] — z[n — 1]
2

yln] =

= hin] = é{ﬁ[n] — d[n — l]}

| s i
= H(e") =2 1—e 7] =" sin(w/2)

|H(Eju:)|
P R




Signals & Systems (Chap 1)

LTI

& Convolution  (Chap 2)

>

Bounded/Convergent
(@ Periodic Aperiodic
_DT FT
\ (Chap 3) y — DT (Chap5)

R\

J

-

Unbounded/Non-convergent

LT
zT

-CT

- DT

(Chap 9)

(Chap 10)

j

Time-Frequency (Chap 6)
CT-DT (Chap 7)

Communication

Control

(Chap 8)
(Chap 11)
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