Chapter IV

Continuous Time Fourier Transform



= Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

= Properties of the Continuous-Time Fourier
Transform

= The Convolution Property
= The Multiplication Property

= Systems Characterized by Linear Constant-
Coefficient Differential Equations



Page 193, Ex 3.5

= CT Fourier Transform of an Aperiodic Signal:
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= Sufficient conditions for the convergence of FT
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» Sufficient conditions for the convergence of FT
« Dirichlet conditions:
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2.X(t) have a finite number of maxima and minima
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3.X(t) have a finite number of discontinuities
within any finite interval
Furthermore, each of these discontinuities must be finite
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= Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signhals

* Properties of the Continuous-Time Fourier
Transform

= The Convolution Property
= The Multiplication Property

= Systems Characterized by Linear Constant-
Coefficient Differential Equations



= Fourier Transform from Fourier Series:
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= Example 4.7:
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= Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signhals

= Properties of the Continuous-Time Fourier
Transform

= The Convolution Property
= The Multiplication Property

= Systems Characterized by Linear Constant-
Coefficient Differential Equations
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= Fourier Transform Pair: rh
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= Time Shift — Phase Shift:
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= Conjugation & Conjugate Symmetry: "~ [ 2 ar
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= Conjugation & Conjugate Symmetry:
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= Conjugation & Conjugate Symmetry:
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= Differentiation & Integration: X (w) =f+°°m(t)ﬁ—mdt
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» Time & Frequency Scaling:
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= Duality:
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= Parseval’s relation:
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= Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signals

* Properties of the Continuous-Time Fourier
Transform

= The Convolution Property
= The Multiplication Property

= Systems Characterized by Linear Constant-
Coefficient Differential Equations



= Convolution Property: (1) y(t)
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» From Superposition (or Linearity):
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= From Superposition (or Linearity):
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= Examples 4.16 & 17: Differentiator & Integrator
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= Example 4.18: Ideal Lowpass Filter
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= Filter Design:
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= Example 4.19:
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= Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signhals

= Properties of the Continuous-Time Fourier
Transform

= The Convolution Property
= The Multiplication Property

= Systems Characterized by Linear Constant-
Coefficient Differential Equations



= Convolution & Multiplication:

y(2) = 2(t) x h(t) — Y(5w) = X(jw)H(jw)

= fm z(T)h(t — 7)dT

r(t) = s(p(t) s R(jw)=% [ 5 PGiw— 6))a0

= Multiplication of One Signal by Another:
« Scale or modulate the amplitude of the other signal

« Modulation
p(t)

_I*®—F




= Example 4.21:

r(t) = s(t)p(t)

Sij)
F .
3(t) +— S(jw)
Sy {a} (0] :F *
p(t) T P(jw)
“( ' p(t) = cos(wot)
i v “ ¢ P(jw) =7né(w — wg) + 7w (w + wg)
. 1 . .
HUrJJ}=;—ﬂ[SUm}aFUmJ] R(_j“w) e E [S(_}UJ) * P(_}”HJ)]
F'u‘E‘}
/_Tm\ /Dk . — ifx SN P (w—0))de
(—wp = wy) E:f_fﬂn-"' sy {“-"n'i'. i) n{‘“u"' Gy 27 /oo

(e

=25 (J(w—wo)) + 55 (3w + o))



= Example 4.22:

g(t) = r(t)p(t)

Riju)
AJ2 F 4
Y + . P RU%)
L ™ + ’
o P(jut ¥ : = .
] ‘ p(t) «— P(jw)
—_— . - p(t) = cos(wgt)
, 1 , .
G(jw) = — [R(jw) * P(jw)]
Gljw) 2T
A4 A2 A4
e -

—2urg - i by Zing
)



= Example 4.23: v(t) = i / *_: X (jw)e'™ du

sin(t) sin(t/2) X(jw) = f_;m(tje_wdt
x(t) = 5
it HeaE
X(jw):f S'”(t)sg(t/ et g
—00 n

- sin(t)\ [sin(t/2)
-+ (%) (%57

= X(iw) = %j__{sin(t)} . j’__{Sin(;*./Q)}

i 7t
1 R " 5
1 1
2 — 1 1’ - 1 1' v 2 12 ; 2 w
2 2



Bandpass Filter Using Amplitude Modulation:

o F
edWet 5 278(w — we)

e We [deal lowpass g fet i
filter
Hijai}
t 1
2ty ——()——— L () (D)
=iy LLFO i

Y(jw) = X(j(w— we))

Kl
i
ijw)
1
Fregquency resporse of |==4==n
ideal lowpass fitter ‘""‘1' \)/\/\
|
1
,».'/ i)
—og oy Yl "

F(in") — W(j('ﬂ-’ -+ *w{_-))

— g

- gmu—--



TABLE 4.1 PROPERTIES OF THE FOURIER TRAMSFORM
Seetion Property Aperiodic signal Fourier transform
ALt X[ fu)
¥ ¥l e
4.3.1 Linearily axi(ey + bvin X e d + BF fe)
4.3.2 Tirne Shifting xir =t )
4.3.6 Frequency Shifting e pir) X{ fler — e}
4.3.3 Conjugation =[N X~ ju)
435 Time Reversal -5 K~ ji)
4.3.5 Time and Frequency et .1 X (‘E)
Scaling l “
4.4 Convalution ot = it} K Joany¥{ jar)
45 Multiplication ) I;J TRV (e — Mdd
4.3.4 Drifferentintien m Time :i-_r{a] Fu X ja)
I
1 ]
434 Integration J Xty Ex”“” + X&)
436 Dilferentiation in raie) f -‘f Xi feo)
Frequensy =
Kljwh = X'(— jeu)
Rl X e} = Rel¥(— fos}
433 Conjugate Symimetry ) real T X[ o)} = — o) X[~ je]
o Feal Signals [XT fud = | X{— faa)
FX(fw] = —LX (= ju)
453 Symmcetry for Real and  afe) real and even i fw) real and even
Even Signals
433 Symmetry for Realand  (r) real and odd X faa) purely irmaginary and odd
Cld Signals
433  Evn-Odd Decompo- (0= Bvlat) [wtireal)  Glefi(ju)}
sition for Real Sig-  0(7 = Odx(0} [a(h) real]  jom{X( jw)}
nals
437 Parseval's Relation for Aperiodic Signals

+5

J [xiay e =

1’_]17' Xijan) e

-




TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients

Signal Fourier transform (if periodic)
Z ap e et 2 Z ardle — kawy) ay
b=—u k= —x
! dy =1
el 2 - S I
¢ (@ — w) i, = 0, otherwise
|
) =d-1 = 5
COS wyi T[Sl — ) + S(w + wy)] : N .
e, = 0, otherwise
) = =] = 5
sin ot E.[rﬁ(cu — top) — diw -+ awy)] : : 2
i a; =0, otherwise
g =1 ay =0, k=0
=1 29 dlw) !

this is the Fourier series representation for
any choice of 7' = 0

Periodic square wave
0 1, It<T
x[(t) =
I‘ 0, T <= %
and

xit+ 1) = x(r)

{%- 2sin kaT|

.E.L-; 7 Ol — kwg)

sin ko T
ke

wol . ( kgt )
SLIE ==
! T




S 86— nT)

ne—x

27 o5
— &
T (‘”

b= -

_ 2w
T

a4, = I—IF for all &

’K-'[i-‘){ L, | =1, 2 sinwT B

' 0, |t =T, w

sin Wt L L e =W

t AUl = I{::, w > W

3z} 1 —
1

i) — =+ 17 5() —
Jw

ot — fo) e e _—

e 'u(n), Rela} =0 1 —

’ a+ jo

te " ulty, Melal = 0 L —
(a+ jw)

{I’;'_;I'I:e‘“’u[r}, 1 -

Felal = 0 (a+ jw)




= Representation of Aperiodic Signals:
the Continuous-Time Fourier Transform

= The Fourier Transform for Periodic Signhals

= Properties of the Continuous-Time Fourier
Transform

= The Convolution Property
= The Multiplication Property

= Systems Characterized by Linear Constant-
Coefficient Differential Equations



» A useful class of CT LTI systems:

dVy(t) a¥1y(t) dy(t)

oN— - ToN-1—x—7 Tt a + agy(t)
= bﬁff% + 5;\4‘-1&;;;13?) + .+ b1d$(t) + boz(t)
z(t) —h--—v y(t)

Y(jw) =X(w)HGw)  H(Qw) =




“
r—"—
)=
T~
S
X<
S
o
|
&ﬁ
7
i~]=
)
o
%
SRS
o [y
L
—

k=0 )
N I : M k
dfy(t dFx(t
k=0 dt k=0 dt
N N
3 a Gy Gw) = Y bp(Gw)* X (Gw)
k=0 k=0

N N
Y (jw) [Z ”fk(jw)k] = X(jw) [Z bﬁc(jw)k]
k=0

k=0
M .
V(i > bi(jw) o |
= H(jw) = Gw) — k=0 _ by Gu)™ + -+ b1 (jw) + bo

X(jw N an(Gw)N 4+ -+ a1(w) +a
U S Gy R

k=0



= Examples 4.24 & 4.25: H = 3
dy(t) 1
o+ ay®) = () = H(w) = -
(Gw)Y (w) + aY (w) = X(jw) = h(t) = e "u(t)
d?y(t) dy(t) oy da(t)
o TA— o+ 3y(t) = Falt 2 x(t)
L Gw) 2  Gw+2)
= HUW) = G2 a6y +3 T Gut DG+ 3)
_ 12 12

jw+ 1 jw =+ 3

oK) = %e—ﬂu(t) n %E_B"’u(t)



Example 4.26:

x(t) = e tu(t) —h-—b y(t) =777

L (w+2)
HGw) = G+ DGw +3)

= Y(w) = X(jw)H(jw)

1 jw + 2
L"w + 1] [(jw + 1) (w + 3)]
jw 42
(w4 1)2(jw + 3)

1 1 1

_— 4 _|_ 2 4
jw—+1 (jw—+ 1) jw+ 3

1 —t 1 —t 1 —3t
— e —te — — € ult
[4 +2 4 ()

= y(t)



Signals & Systems (Chap 1) LTI

& Convolution (Chap 2)

.

Bounded/Convergent
(@ Periodic Aperiodic
DT FT
\_ (Chap 3) Yy — DT (Chap5)
\

R

J

N

Unbounded/Non-convergent

LT  -cr
z[  -PT

(Chap 9)

(Chap 10)

/

Time-Frequency (Chap 6)
CT-DT (Chap 7)

Communication

Control

(Chap 8)
(Chap 11)
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