Chapter V

Discrete Time Fourier Transform



» Representation of Aperiodic Signals:
the Discrete-Time Fourier Transform

= The Fourier Transform for Periodic Signhals

= Properties of Discrete-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Duality

= Systems Characterized by Linear Constant-
Coefficient Difference Equations



= DT Fourier Transform of an Aperiodic Signal:

x[n] T [n]
‘..“‘.'.LH‘-“JJJJJJJ-I_‘N:‘ ; —Ml_”‘”lll Nl!“llﬂ‘” H|N|2 |”||IN|‘IHI n
an aperiodic signal a periodic signal oY
wn = —
Y,
fn] = 3 aeCO = Y qpeitworm
E—< N> k=< N>
1 ~[..1.,—3k(2m/N): 1 -
A = 7 Z z[nle™ @x/Nmy — — Z ﬂf[’!l]e_ﬂ‘:(mﬂ}”’
N'.’Ef:’-:i‘\"-:} N Fa:f\:_-"\-'-:';:-
1 N2 1 +co
= A = E Z J[Ti]f‘ jk(won — ~ Z y [‘H]P gk(wg)n



= DT Fourier Transform of an Aperiodic Signal:
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= DT Fourier Transform of an Aperiodic Signal:

e As N — oo, Z[n] — z[n]
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= Periodicity of DT Fourier Transform:
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= High-Frequency & Low-Frequency Signals:
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» Example 5.2:  z[n] =al"l, ja| <1 z[n]
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= Example 5.3: z[n]
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= Convergence of DT Fourier Transform:
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= Example 5.4: 7‘ z[n] = é[n
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= Approximation of an Aperiodic Signal: z[n] = sin Wn
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= Representation of Aperiodic Signals:
the Discrete-Time Fourier Transform

= The Fourier Transform for Periodic Signhals

= Properties of Discrete-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Duality

= Systems Characterized by Linear Constant-
Coefficient Difference Equations



= Fourier Transform from Fourier Series:
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Fourier Transform from Fourier Series:

e Mmore generally,
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= Fourier Transform from Fourier Series:
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= Example 5.5:
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= Representation of Aperiodic Signals:
the Discrete-Time Fourier Transform

= The Fourier Transform for Periodic Signals

* Properties of Discrete-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Duality

= Systems Characterized by Linear Constant-
Coefficient Difference Equations



Section Property
5.3.2 Linearity
5.3.3 Time Shifting
5.3.3 Frequency Shifting
5.3.4 Conjugation
5.3.6 Time Reversal
5.3.7 Time Expansion
5.4 Convolution
9.9 Multiplication
5.3.5 Differencing in Time
9.3.5 Accumulation
5.3.8 Differentiation in Frequency
5.3.4 Conjugate Symmetry for Real Signals
5.3.4 Symmetry for Real and Even Signals
5.3.4 Symmetry for Real and Odd Signals
5.3.4 Even-Odd Decomposition for Real Signals
5.3.9 Parseval's Relation for Aperiodic Signals




= Fourier Transform Pair: 1]['“

+ Synthesis equation:
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= Periodicity of DT Fourier Transform:
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= Example 5.7:
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Conjugation & Conjugate Symmetry: oln = 5 [ X(&)e " dw
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» Conjugation & Conjugate Symmetry:
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» Differentiation in Frequency:
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= Time Expansion:
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= Time Expansion:
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= Time Expansion:

_ oo _
= X(&:)(E‘?w) = Z :‘t‘:(k}[n]eﬂw”

n=-—oc

— Z E[T]E_j(kw)r m(k)[rk] = ziF]

T (k) [n] PN X(e*"h‘”)



= Example 5.9:
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Parseval’'s relation:
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= Example 5.10:
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= Representation of Aperiodic Signals:
the Discrete-Time Fourier Transform

= The Fourier Transform for Periodic Signhals

= Properties of Discrete-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Duality

= Systems Characterized by Linear Constant-
Coefficient Difference Equations



= Convolution Property:
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= Example 5.12:
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= Example 5.13:
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= Example 5.14:
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= Convolution Property:
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y(8) = f z(0)Yh(0 — T)dT periodic convolution
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TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM
Section  Property Aperiodic Signal Fourier Transform
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¥lal ¥lefy| period 24
532  Lincarity ax[n] + byln] aX(e™) + b (e
333 Time Shifting i — mal gk ey
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: L. i 4t
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Ja
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Real Signals LK ey = |X(e ey
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334 Symmctry for Real, BEwven x[n] real an even Xie’) real and cven
Signals
534 Symmety for Real, Odd x[n] real and odd Xies) purely imaginary and
Signals odd
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TABLE 5.2 BASIG DISCRETE-TIME FOURIER TRANSFORM PAIRS

Signal Fourier Transform Fourier Series Coethicients (if periodic)
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' 1 — ga=Jw
1, lal = sinfe(N, + 1)
.Tllr] —,“ =
0 |n| =&, sinfa /)

sin W R U |1 |
Tn i sinc (':'.' }

Lo = ol ==

Kiw)h =
0 Wea|w =7

0<W<w Xiw) periodic with period 2
i [1] | et
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1
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= Representation of Aperiodic Signals:
the Discrete-Time Fourier Transform

= The Fourier Transform for Periodic Signals

= Properties of Discrete-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Duality

= Systems Characterized by Linear Constant-
Coefficient Difference Equations



= DT Fourier Series Pair of Periodic Signals:

FS i X )
o z[n] —— ap: DT Fouries series pair

z[n] = Z {Ikﬁjhwﬂn: Z ﬂﬁ‘ejk{ﬁw/f\')n

k=<N> k=< N>
ap = i Z m[n]e—jff;uroﬂ A i Z m[n]e—jk‘(Zﬂ/ﬁu’)n

N‘I‘L:{hr} Nﬂ:{_ﬁf’}
1 — a !N TS

n=<N>

_ ) FS 1
fl= Y Lgl-keCr/Mn  fln] < Zg[—k

k=< TV

1
—n o — — ap .—. —Ir|—n
LET k=n,n=—k k N[ ]



= Duality in DT Fourier Series:

x[n]

z[n—ng]

e—{—jm(? w /N )n T [n]

Z z|r] y[n — r]

r=<N>

z[n] y[n]

FS
—

FS

FS

FS

FS

ay

aj. E—jk(?rfﬁfjnn

Qp—m)

Nay by

>, ab_g

[=<N>



= Duality between DT-FT & CT-FS:

DTFT . FS
z[n] -« » X () z(t) +—— ay

1 : : 1 .
rn] = — X(e’"Ye! " dwr ap. = —/ z(t)e IRwot gt
[n] z_ﬁ];ﬁ (&™) =5 [ o)

_ +oo ] +o0 ‘
X()= > z[n]e?" z(t)= Y ael kot

n=—og b==0o



TABLE 5.3 SUMMARY OF FOURIER SERIES AND TRANSFORM EXPRESSIONS

Comtinuaus lime

Dhscrete time

Time domain

Frequency domain

Time domain

Frequency domain

Fonrier
Series

I =

242 o apelrl

CONEHUoUS W
pericdic in time

E'J'.;'I =
L ~ ik !
T 'I-"r"l Hfie I

discrele Mrequency
aperiodic in frequency

x[r] =

25— iy AT

discrete fime
perigdic in time

_I_ EJ_ =(HS .l'l.f]]i'-‘ _,I'L'I:J N e

discrete frequency
periedic o (requency

Fonrier
Transform

At =

ﬁ | 75 Kl feae ™ den

continuous time
aperiodic in time

X(jw) =
|25 x(ne=ioidy

continuous frequency
aperiodic in freguency

afn] =
1_11' JII*.r ijw}?jw

discrets time
aperiodic in time

Eiel) =

~tw IS
= pm g X[ e S
continnous fregquency
periedic in frequency




= Representation of Aperiodic Signals:
the Discrete-Time Fourier Transform

= The Fourier Transform for Periodic Signals

= Properties of Discrete-Time Fourier Transform
= The Convolution Property

= The Multiplication Property

= Duality

= Systems Characterized by Linear Constant-
Coefficient Difference Equations



= A useful class of DT LTI systems:

agy(n] + aryln =11 + -+ an_1yln = N + 1] + ayyln — N]

= box[n] + b1x[n—-114 .-+ by_12[n — M + 1] + byyx[n — M]

N M
Y agyln—k] = > brx[n — K]
k=0 k=0

Y (e?™)

V() = X(@H(E)  H(E™) = £28




F { i agyln — k]} = f{i bpzln — k‘]}
it k=0

N

M

> apF {'y[n - k]} = > bF {m[n - k]}
=0 k=0

Z ﬂ'ﬁr'ﬁ_‘jkw}”r(ﬁjw) — Z bkE_kaX(ﬁJw)
k=0 k=0

H(eﬁ”) L Y(ej’u-’) Zﬂ’fngke—jkw

bo + bie " 4 - .. 4 by e M
agp + ‘Ile_jw i a‘we_ij




. Examples 5.18 & 5.19: :r[w]—---—> yln)

lal < 1
yln] — ay[ln — 1] = z[n] = H(eY) =

1 — ae ¥

Y () ey () = h[n] = a"u[n]

] — 2yin—1] + 2yln—2] = 2]
yln] — =y[n — —y[n —2] = 2z[n
y|n 4;; n 8;; n

. 2
— H(ij) p— 3 _ T _ 2
1 — ge~iv 4 ze—I2w (1 — —e Jw)(1 — —e —Jw)
4 2

(1-Leiw)  (1-1eww)

¢(2)" ot - 2 ()" o

= h[n]



2

= Example 5.20: hln] — H(e™) = TR e
zin] = (:ll)nu[?zl —--—> y[n] = 777
e
= V() = X(®)H (")

1 2
ll - }lei‘“’] l(l - %e—j“’)(l - ieﬂw)‘
2
(1 — Sew)(1 — Fe—iw)2
. 8 4 2
(11— %E‘j“-’) N (1-— %e*jw) - (1- %e‘jw)Q

< 0= {o 3"~ (2) -2 (3)
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