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The Discrete-Time Fourier Transform
Derivation: (Analogous to CTFT except e/“" = ei(w+27)n)

e ux[n| - aperiodic and (for simplicity) of finite duration
e IV is large enough so that x|n| =0 if |[n| = N/2

e [n| = z[n] for |n| < N/2 and periodic with period N

x[n]
NW—T—IJJJ—T—‘
‘N-l U NE
X[n]
.
-N -N, 0 N N

z|n] = z[n| for any n as N — oc




DTFT Derivation (Continued)

i, P 2m
rn| = E ape?Fon g = ~ DTFS synthesis eq.
k=<N2>
ay = l E 7 [n]ﬁ—j-‘wnﬂ DTFS analysis eq.
n=<N>
1 Jn'lirg 1 .
— =[] —dkwon . —jkwon
R xnle ™’ S E x[nle
N N
n=-—:mN; N=—0o
Define
0
X(elv) = E xnle ¥ | — periodic in w with period 27
= —
1 Jkw
ap = —X(el™°)

|
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DTFT Derivation

1 : - 1 : .
- _ —.X ..j.i::u_.l'n e_jlkunn — X fjk:un Jkwon |
E[n] Z N (e?™°) . Z (e7™0)e wo ()
R — k=<N>
g
As N — o0 z[n| — z[n] for every n
W — ﬂ, ZLLJ{] —* /dm
The sum in (%) — an integral
i) The DTEFT Pair
1 o ‘ .
xn)=— [ X(&¥)e“"dw Svnthesis equation
2 Jor
Any 27 -~ ; - —iw 1 :
- X(el¥) = . Jumn Analysis e
terval i w () Z r[nle nalysis equation
N=—00




/ DT Fourier Transform Pair \

z[n| «— X(E-’fw)

oo
X(elv) = Z z[n]e=dwn — Analysis Equation
—FT
=00
xn| = L X(Ej""’ )ijndw — Synthesis Equation
27 Jor —Inverse FT

- /




Observations

Fox -
_— . 1 i e
Nied¥) = E x[n|e " x(n| = — N (e?¥) ¥ dw
' J2AT

n=—-—oc

Called the analysis and synthesis equations, respectively
Recall that /¥ = oI WHETIN £or any pair of integers £ and n

Thus, X (e’ is a periodic function of w with a fundamental
period of 27

Unlike the DT Fourier series, the frequency w is continuous
Recall that the CT Fourier transform X (jw) was not periodic

Thus the DT synthesis integral can be taken over any continuous
interval of length 27

This is similar to the CT Fourier series analysis equation




Discrete-Time Frequency Concepts

Recall that e/lwtf2mn _ jwn

It seemingly very high-frequency discrete-time signals,

cos ({w+ (2mjn), are equal to low-frequency discrete-time signals,
cos{wrn ), what does low- and high-frequency mean in
discrete-time?

Note that the units of w are radians per sample

A sinusoid with a frequency of 0.1 radians per sample is the same
as one with a frequency of (0.1 + 27) radians per sample

Recall that cos(mn) = (—1)"
No DT signal can oscillate "faster” between two samples

No DT signal can oscillate “slower” than 0 radians per sample

Thus
— w =m = {{m + 2m) is the highest perceivable DT frequency

[ !

— w =0 = {27} is the lowest perceivable frequency




Discrete-Time Frequency Concepts Continued

e Low frequencies are those that are near 0
e High frequencies are those near 47
e [ntermediate frequencies are those in between

e Note that the highest frequency, = radians per sample is equal to
0.5 cycles per sample

e We will encounter this concept again when we discuss sampling




Convergence Issues

Synthesis Equation: Nomne, since integrating over a finite interval

Analysis Equation:  Need conditions analogous to CTFT, e.g.

o
Z X [ﬂf] |2 < 0C — Finite energy
n=-—0oc
or
[
Z x|n]| < oo — Absolutely summable
n=—00

/




Examples
Parallel with the CT examples

2) z[n] =d[n — nn] - shifted unit sample

Same amplitude (=1) as above, but with a linear phase —wny

- /
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X (e7))
w=0: X(e¥)

w=m: X(e¥)

More Examples

a"uln|,|a| <1 - Exponentially decaying function

b s &
s BRI ] .
= Z{lﬂ’e JWR — Z (ae™™) Infinite sum formula
=0 n=>0 .
lae—dw ]
B 1 B 1
1 —ae 3% (1 —acosw)+ jasinw
el LR
':'-Tla:l
1 -1
— = [T+l
v1—2acosw +a — - . . -
1 1 e
—_ = I "":| -
vV1—2a+a? 1l—a N =
— —_— T+
2 1 a
J1+2ﬂ'+ﬂ' 1+ﬁ 2u s { 1I: o T
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Still More

x[N]

DT Rectangular pulse

~

(Drawn for N, = 2) |

Ny
;{(ij}: Z E—jwﬂ.:

n=—IN;

|
\ -2 -

‘N; 0 N

Ny

f A—

n

1

sin w (Nl + 3

) _ X{Ej(m—?ﬂ})

S ()

ﬂ=—.""~'7_1

sin(w/2)

e

I
T 2T W /
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on x W 0 W = on

1 W sin Wn
x(n| = 2—/ el dw =
' W ini!
11 -
a0 = o= [ X()do=—
1
W
ﬁ“‘**




/ DTFTs of Sums of Complex Exponentials \

Recall CT result: x(f) = elwol X(jw) = 2m0(w — wp)

What about DT: :,E[n] — gJwon X({ijw) =7

a) We expect an impulse (of area 27) at © = @,
b) But X{&%) must be periodic with period 2n
In fact o
X (e’) = 27 Z 0(w — wo — 2mm)
M=—00

Note:  The integration in the synthesis equation is over 27 period,
only need X(¢'?) in one 2x period. Thus,

1 [ > N ,_
x[n| = — 27 O(w — wo — 2mm) 7 "dw = ="
27 J_,
L

= —o0
-~ -
X (ed«)

—
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/ DTFT of Periodic Signals  x[n] = x[n + N] \

- 2m |
z[n] = Z ape’ 0" wo = N D,TEIS -
it synthesis eq.

.
From the last page: e/« « — 277 Z d(w — kwy — 27m)

TM=—00

, > Linearity
X(e!v) = Z ap |27 Z d(w — kwy — 2mm) of DTFT
>

k=< N m=—oc

= — 2k
\ ka;makﬁ[w ~ ) = 'Zirk;m s (w _ ;)/
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ﬁample

DT sine function

1 . 1 .
x[n] = sinwgn = —el¥on — —e~Jwon
27 2j
. T e - o
X(e™) == Z O(w —wo — 2mm) — — Z d(w + wo — 27m)
R —— J, =
X(el™)
] /j /i
- i. ‘
-2T- W, =@, | -y, | | .-
| |
| 2T "2 T, i @, .!. e 2D, ®
~TU] —t/;
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Example DT periodic impulse train
— E dln — kN| wo = 27 /N
fi=—
x[n]
1
-N 0 N 2N
1 i
w3 sl
n=<N>=>
= [ﬂ] f}_‘.r wot —
Y M
.L,"I n— U‘-—.,',-ﬂ’ :\r
=dn|
|
2T — 27k see
X(edw) = g —
) =35 Z_: ‘5(“” N)

— Also periodic impulse train — 1n the frequency lellEilIl"
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Properties of the DT Fourier Transform

~

X
X (ed¥) = E x|nle 1« — Analysis equation
n=—oc
1 Jwy L Jwr : :
x|n| = - X(e?*)e* " dw — Synthesis equation
T J2r

1) Periodicity: X(EJ{MJFE?T)) — X(ij) — Different from CTFT

axi[n] + bxs[n| «— aX (e?¥) + bX3(e?¥)

N /
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2) Linearity:




More Properties
3) Time Shifting: x[n — ng| «— e I X (eI¥)

4) Frequency Shifting: e/*0"z[n] +— X (ed(@—w0))

— Important implications in DT because of periodicity

Example X(e)
‘ VRN ‘ ‘ / | \ ‘ HF ‘ /" N\ ‘
2T | LF n 2n @

wo =T, yln| = Ejjﬂ”:{r[n] = (—1)"x[n]

T{ejni} =X (EJ [mn—:'l::u]I

-2 - T
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More Properties \

z[—n] «—— X (e 7¥)

5) Time Reversal:

6) Conjugate Symmetry:
x[n| real = X (e/¥) = X*(e 7¢)

|
| X (e7<)| and Re { X (e’~)} are even functions
/X (e7%) and Sm { X (e/¥)} are odd functions

and
x[n] real and even < X (e’%) real and even

\ x[n| real and odd < X (e/*) purely imaginary anw
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/ More Properties \

7) Time Expansion (j (w) Time scale in CT is

Recall CT property: a infinitely fine

1
z(at) «— —X ;

4l

Butin DT: x[#»/2] makes no sense
x[2n] misses odd values of x[n]

But we can “slow™ a DT signal down by inserting zeros:
fr— an integer = |
X@li] — msert (k - 1) zeros between successive values

x[n]

1]t

o !t2 n

Insert two zeros
in this example

| J‘Jn]
I I 1] |x‘I I ‘ T =3 )
6 3 0 3 6 n /

_— I
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Time Expansion (continued)

zn/k| if n is an integer multiple of k

0 otherwise — Stretched by a factor

of &k in time domain

o _.w & k [ ] _.w.
Y gwlnle =T Y aplmkle it

Th=— O ri=—oO

(-

Z -T[m]e_jmw}m =X [f“j kwj -compressed by a factor
=0 of k in frequency domain

Xafel®)=X (el 3®)

22




&) Differentiation in Frequency

[ &
X(el¥) = E x[nle 7¥n
n=—0oo
d 0
—X (™) = —J E nx(nje”7*"
dw =
=—0
\U’ multiply by 7 on both sides
Multiplication . d Differentiation
P nrin] <« j—X(e¥)
by n dw in frequency
9) Parseval’s Relation
< 1
> falnll? = o [ 1X(e)Pa
i ‘
n—— o s 2 |
Total energy in Total energy in
time domain frequency domain
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Properties Continued

Differencing

-

: F oo N T
"'[”] — ~"[“ — J-] e (1 — o I X (%)
This is similar to a continuous-time derivative.

Accumulation

[ - %

Hl=— f—=—x

This is similar to a continuous-time integration.

.:'[r.'] P — X (%) + 7 X (V) M — 27
E T o g | . . E .
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The Convolution Property

2] hln yin] = hin] * z[n]

Y(el) = H(e™) X (%)
= Frequency response H(e’*) = DTFT of the unit sample response

Example

z[n] = 0™ — X (e?¥) = 27 i O{w — wo — 27k)
k=—00
Y (ed*) = H(e?)2n i dw — wp — 27k)
. k=—o0
= 2 i H (e 02§ (w — wp — 2mk)
fe=—no
H Periodic H (el )27 i Mw —wp — 27k)
k=—oc

| <

yin] H(eFn e
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Example

Ideal Lowpass Filter

H(ei®)

2w . TN

1 [~ . sin wen
h|n] et tdy = ———

26




ﬁample : \

sin(mn/4) . sin(mn/2)  sin(wn/4)
e T N r
U f
I y i _ 1
—T/4 w4 0 —u2 w2 o —T/4 w4 ®

27



Convolution Property Example
hin] = a"uln], x[n] = G"uln] al,|g] <1

) 1 ) 1
H(EJ&I] - 1 ﬂ'E_j“" 7 X{EJQ) - 1 — IBE—juJ
|}
3 1 1
ylnl = hln] x xln] «— Y(e’™) = (1 — cre_j“") (1 - JBE_F)

- ratio of polynomials in e=7%

, .. PFE A B
F#a: Y(el¥) = — | .
p#a (€7) 1l —aedv 1 — Feiw

A, B - determined by partial fraction expansion
yn| = Aa"uln| + B3"u|n|

B=a:Y(E) = ( 1 )2

1 — eI

\ yln] = I,_fgx{ejw]h yln] = (n + 1)a™u[n]

N nafn] o j<—
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DT LTI System Described by LCCDE’s
N M
]

Z apyn —k| = Z brx(n — k
k=0 k=0

From time-shifting property: x[n — k] «— e 19k X (e/¥)
e
Zﬂki —IkCy (e3%) Zbkc_jkw)f( JW)

k=0 k=0

4

| My ok |
Y(ij) _ [ k=0 bre ] X(ej.:.-:]

N r
D kg QRE IR |
» — Rational function of 7%,

H {:;fu ) use PFE to get h[n]
DT transfer function

29




ﬁmmple: First-order recursive system \

yln| —ayln —1] = zn], |af <1
with the condition of initial rest < causal

(1-— L‘EE_jw)Y(E'jw) = X(aj“")

. Y (e’¥) 1
Juy —
He™) = ¥y = Toae
|

hin] = a"uln|

\ /
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/ DTFT Multiplication Property \
: 1 : .
yln] = z1ln] - 22ln] «— V() = o / X (7)) Xo () do
J 2T

1 ) I
= Exl(ﬁj )@XE(EJ )

s Periodic Convolution

Derivation:
Vied¥) = Z n]e=dwn
_3:“_‘-
— Z ( X Hﬂjﬁjﬁndﬂ) ro[nje” jwn
=
1

= (Xl (e7?) Z za[nje I 0m)qg

n=—0o0

L -

X (edlw—0))

1 . .
= — | X(ePX5 (eI “")ah
\ Zﬂ' 2m I{F ) J[F }
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/ Calculating Periodic Convolutions \

Suppose we integrate from —m to m:
. 1 (7 . »
Y(e¥) = — / X1 (e X5 (e7 =9 d0
27 )
I |
_ X (eI X, (7 (w—)) g0
5= | K@) Xa( ),
where

0, otherwise

R . 70 <

| /

N /!

32




ﬂample: -U[“] — (M) = &I [H] '«Tz[nh I [ﬂ.] - :Irg[n] = S—m{ﬂn’f 4}
TTL .
: 1 P )
Y(e) = 5-Xi(e™) @ Xa(e¥)
]{l{e—iﬁ')
1
nt [ L | _| 1 | | | | [
T T 4 4 2n 6
}{E{Ej{r.u-—ﬂ;n}
I | | | -
© - m_% 0 m% or2 T 8
Yie 1%
1
2 _LE ?“: l:alt ©
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Duality in Fourier Analysis
Fourier Transform 1s highly symmetric

CTFT: Both time and frequency are continuous and in general aperiodic

t j
:® / X j "'L" @ dw Same except for
these differences
X(jw) = / @f’dt

{
Suppose f{+) and g(+) are two functions related by

fr) = [  g(r)edr

20

Then

Let 7 =t and r = w: x1(t) = g(t) «—— X,(jw) = f(w

Qt 7=-—wandr =t r2(t) = f(t) — Xo(jw) = 2mg(—w)




Example of CTFT duality
Square pulse in either time or frequency domain

X1(jow)
{
X1 (1) S

1

_— F___ - 'T[J"T-| T["I'T‘l
T, T t — v o
X2(1) Xa(jo)

/wm EF 1

\ t W W y




DTEFES

Discrete & periodic in time «—— Periodic & discrete in frequency

27
x[n| = Z apel ot — xn+ N|, wo= }'::
k=<N>

3 S sl = o
=< N>

Duality in DTFES

Suppose f[-] and g[-] are two functions related by

fiml= 5 3 glrledreon

=l W s

= g[r] = Z fm]elmeom

= N =
Then

1
Let mmn = n and r = —k: r1[n] = fln] «— ar = FQ[_;‘?]

Let r =n and m = k; ra[n] = g[n] «— ax = f[k]

36



Dualltv betweeu CTFS :m(l DTFT

s apGEEsEEEEEEmE St eesmnsa,
mEmEES Ermpay -
-

= o
CTFS i :r{f Z aretF ot = p(t 4+ T), wp= —
k=moo

LT T, anmm®e®

T
TR
SErEEssmsEEss e aE IlrlI'r-II""-"'".". =em

g ::-:(f —Jmﬂft

Periodic in time « Discrete in frequency

(R LELER ],
e smpamEREEE Rt e R sag g,

._,.-...--' 1 | ) I'.r.'...-"-‘.
DTFT )= o | X(E9)e dw

K = 3 afnlein = X (ST

n=—o0 PP

LR LT sam =
o L
RN e m T T L L L L

L

Discrete in time « PFT“deC in frequency




CTFS-DTFT Duality \

Suppose f(-) is a CT signal and g[-] a DT sequence related by

4

f(r) = Z glm]e!™ = f(r + 27)

mMea—00

Then

;E{t] — f{t] — ay = g[.t';]
(periodic with period 27)

\ z[n] = g[n] +— X (%) = f(—w) /

38




/ Magnitude and Phase of F 1, and Parseval Relation \

CT. (1) — i / X (jw) e du

X (jw) = | X (jw)|e? £ X )

Parseval Relation: o ] o .
[ eopa= [ o XGw)
T~ w -

— — 0

Energy density i o

1

2T Jor

X(e9) = | X (e3)]d SX ()

DT x[n] X (e?“)e?“™ dw

R

Parseval Relation: Z |T[ﬂ]|2:/ L|X(ej‘”)|zdw
\ = —00 J 2T 27
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or

and

Log-Magnitude and Phase

H(jw)

l

y(t)

Y(jw)| = [H(gw)|- 1 X{jw)|

LY (jw) = /H(jw) + £ X (jw)

Cascading:

Hy(jw)

log [Y (jw)| = log | H (jw)| + log | X (jw)|

L J

Hj(jw)

L J

{H(jw) = LH (jw) + LHa(jw)

\ log |H (jw)| = log |H1(jw)| + log |Ha(jw)|

} Easy to y

40
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Plotting Log-Magnitude and Phase \

For real-valued signals and systems |

H(—jw)| = |H(jw)| N fl:t f?; ® = 0. ;jf?n, with a
[H(—jw) = —/H(jw) ogarithmic scale for
' trequency in CT

In DT, need only plot for 0 = ® = © (with /inear scale)

For historical reasons, log-magnitude is usually plotted in units
of decibels (dB): (1 bel = 10 decibels = ZERULPOWEL  ())

input power

o~ bower o~ magnitude
10log;q |j-rir[:.i"f-‘-’)|2 = 201log; [H(jw)|
H(jw)| = — 0dB
H(jw) =v2 — ~3dB
H(jw)| = — ~6dB S0... 20 dB or 2 bels:
H(jw)| =10 — 20dB = 10 amplitude gain
H(Jw) — 100 — 10dB = 100 power gain

41



A Typical Bode plot for a second-order CT system

20 log,o IH(jw)!

ZH(jo)

20 log Hjw) and £ H(jw) vs. log ©

20 -

10

0dB

10
20
30 -

-40

50|

40 dB/decade

10

100

1,000

1
t|

Changes by -xt

w (rad/s)

100

~
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A typical plot of the magnitude and phase of a second-
order DT frequency response
20log/H(¢'?)| and £ H(&'?) vs.

20 logsp IH(el®)|

:'iii.i.iii#i=

: :
5—24113 s
20 :
;18 *
12 *
:8 :
&
i :
&
4 =4 '-g i)
: :
ol
il :
M . .
: + For real signals.
' L]
ZHEel®) : 0 to mis enough
: :
MEE H
& &
¥ 2 .
L -
HEE i
34 :
I i i v
:EE 'J:[ - i T
I - +
3 ¢ :
= :
- & :
L ]
dxrnaanranrr et
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