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Fourier Series Representation of DT Periodic Signals

x[n] - periodic with fundamental period N, fundamental frequency
27
N

xn+ N)=z[n] and wy=

Only &%" which are periodic with period NV will appear in the FS
wN =Rresw="Fttw , kF=0%1,£2,---

There are only N distinct signals of this form
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So we could just use ¢ , €

However, it 1s often useful to allow the choice of N consecutive
values of & to be arbitrary.



/ Discrete-Time Exponential Harmonics \

o [he set of all discrete-time complex exponential signals that are
periodic with period N can be expressed as

_ \Jﬁ

duln] = ek = oIRF 2,41, 49,

o /¥ s called the fundamental component
o o/?“" s called the 2nd harmonic component

o o/ is called the ith harmonic component
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/ Example : Discrete-Time Harmonics (N = 3)

I Real Part Imaginary Part




DT Fourier Series Representation

x[n] = E ﬂkﬁjﬁriﬁn;ﬁh’jn

k=<N2=>

= Sum over anv N consecutive values of &

k =<N
— This 1s a finite series
{a,; - Fourler (series) coetficients
Questions:

1) What DT periodic signals have such a representation?

2) How do we find a,?



Answer to Question #1:

Any DT periodic signal has a Fourier series representation

xln] = Z apelkeon

k=<N>
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k=< N>

§ ape Jhwn

k=<N=>

r[2] = Z ayed2kwo

k=< N>

x[0]

x[1]

N —1] = E el N~ ko
k=<N2>
N equations for N unknowns, ag,aq,--- ,an_1



/ Equivalent Expressions for Exponential Sums \
,;"[Hl = Z (1 J ol K

.I[i.:

Since only N of the harmonics are distinct, we may truncate the sum
so that it only contains NV terms

N1 N—14¢
"'l”] _ E ”kpjiuu;n _ E : ”kfﬁjkmz _ E : ”I:‘“jkmn
=il =¥ -;L-='{\.\__hl'|'r_,}'

MNote the new notation:

N+E

j lwiow & § hes -

E : (L {ﬁjhwi‘l iy E : ar. {,J.Lu?;! for any |
k=< N> k=141




/ Discrete-Time Fourier Series \

4 -3 -2

1;,.[“1 - i — Z f‘r.l[ijr“'.l[fl"'"] f— Z (1 f,ﬂ»wn

0.5 Wi
5 Otherwise = k=<N>

e Harmonically related exponentials can be combined linearly to
form a Fourier series

e Any finite-valued discrete-time periodic signal can be written in
this form

e [he trick (again) is how to find the coefficients a




A More Direct Way to Solve for a,

Finite geometric series

N-—1 N a=1
no_ N
E (r = 1 — o™

a0 — o # 1
I} o = el ko

N —1 N—1 .
Z pikwon Z (Ejkm.])“"f _ Z (E,jkzw;_w)
n=< N> n=>0 n=»>0
N =0, £N, 2N, -
— 1 — edk(20/N )N _
: = .otherwise
1 — edkwo



So, from  z[n] =

V
z x[n]e=Imwon

n=<N>

E ﬂkf‘jkwuﬂ

k=< N>

multiply both sides by ¢ =/mon

and then E

n=< N2

— E E akejkwi}ﬂ E—jmwnn

= Z a Z Ej{k—m}{uun

k=<N> n=<N>

=Nd[k—m|— orthogonality

= Na,,
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DT Fourier Series Pair (u;n = %)

x[n] = Z apeleon (Synthesis equation)
k=<N=

1 L : :
U = 57 x[nle Jhwom ( Apalysis equaiton)
N E _

=< NV ==

Note: It 1s convenient to think of @, as being defined for a//
integers k. So:
1) a,.,,=a, — Special property of DT Fourier Coefficients.

2) We only use NV consecutive values ot a, in the synthesis
equation. (Since x[#] 1s pertodic, it 1s specified by NV
numbers, either in the time or frequency domain)

3) a, are called the spectral or FS coefficients
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Example #1:

xI

x[n|

=3

> [

Sum of a pair of sinusoids
cos(mn/8) + cos(mn/4 + 7w /4)
— periodic with period N = 16 = wy = 7/8

Eju;nﬂ _|_E—jwnn] + l [ejﬂfiej.?mnn _I_E—jﬂr,fale—jﬂu:nn]
2
4
0 a5 = g, =a; =1/2
1/2
b AG6 = rengg- 2= @72
a2
™42
0
0
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Example #2: DT Square Wave

01111 O 1 RS

‘N, 0 N, N .
. 2N, + 1
= = E ozl = ———=an=a_-~N =aey =
J.I‘IH' J_h'i'
=N,
For k # multiple of N: Using n = m - N,
1 J-?""'T:l 1 E_'h'lrj_ i
ﬂ,k — —_— E . E_j'ii:‘:ﬁ"“n = — Z E—jlll!b.'[][ﬂl—hr]_:l
J.'“||lr . j\*'
n=—1N, m=0
E_""nrl T . )
_ p—Fkwol(2ZN1+1)
— lﬂjkiﬁlﬂﬁrl E :{E_jk':ﬁ-r'ﬂ)ﬂl _ ] ‘,l'ui'. ﬂ-ln'-'l ]_ I ] 1
N f‘"l,r 1 — tj‘"‘e"ﬂril

rm=I(}

sin [k(Ny + 1/2)wo] _ 1 sin 27k(Ny +1/2)/N|
N sin(kwo/2) N sin(rk/N)




@lmple #2: DT Square wave (continued)

| 1 sin 27k(Ny +1/2)/N]

(. = — . -
TN sin(mk/N)
2M1+1=5 N=10
NARARRAAAN
T T T TT-ddolals T 11T TT TT «
N=20
. R 84048 " e Tk



Example  Partial Fourier Series

e Partial Fourier Series Approximation (k=0)

| F # ] ] [ ] ]
& F

.G

v a,=(2N,+1)/N
0 .

oF

|5 10 5 0 5 10 |5
Time (samples)
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/ Example : Partial Fourier Series \
9 e Partial Fourler Series Approximation (k=110 1)
| |
0.8 |
T A4 TN A4 TN
] L f] L
04F F 1 / \ / \
=y ) -‘1 NN
[ :
N1/7 - NV
0.2F
(0.4
0.6 |
| 5 | (] 3 0 3 | O | 5

Time (samples)
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» Partial Fourier Series
3o

Partial Fourier Seres Approximation (k

Example

| () lj
17
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Time {(samples)
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/ Example : Partial Fourier Series

2 - Fourler Series Synthesis (k=5 to 5)

=
.0

0.4

| 5 | () 5 _ 0 5 [ O | 5
Time (samples)

Note that when the no. of terms is equal to N, the series give the

exact periodic signal where N taken as 11 and N,=2 in these plots
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/ Compare and Contrast DTFS with CTFS \

.

I|'|+I — Z (1L {.\jh-._ut ap = j_\[ I|?L| “—j.;l.-d.-f 11-*
T
1

k=—rx
';l.[”] — E L f‘jkwﬂ i — T E .I'l.l'.'] {m—jﬁdu.:i'l
k== N = - n—< N =

Unlike the CTFS

e [here are only NV distinct DT exponential harmonics
e [he finite DTFS sum is over any N consecutive terms

e [hus, the DTFS coefficients aj form a discrete-time periodic
signal (complex valued)

e [he DIFS always converges for all periodic signals such that
| |n]

e No Gibb's Phenomenon

" i
Lol
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Convergence Issues for DT Fourier Series:

Not an 1ssue. since all series are finite sums.

Properties of DT Fourier Series:

Lots, just as with CT Fourier Series

Example: zn] < a
eMenpin] by =7
T [TL] Ejﬂj Wnmn — E ﬂ--r- Ej Tp T EJ‘ M whn T

r=< N>

.FE='F‘—|—_"|J i
= > ap_pre?n

4

by =

k=<N>

Frequency shift
(f— M jhwy — j(k — M)wy
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Fourier Series Key Concepts \

,r[u] = E ukwj‘[u"“m r{t) = E u_;k.wj‘[':“‘:f

k== N2> k=—m

Class of signals that can be represented as a Fourier series
— Any practical periodic CT signal

— Any periodic DT signal

There is a one-to-one mapping between a signal and its FS
coefficients

— If you know the signal, you can calculate the coefficients
— It you know the coefficients, you can generate the signal

T he coefficients ag contain all of the information in the signal

The squared magnitude of the coefficients |a|? represent the
average power of the signal at the ith harmonic

21



/ Parseval’s relation for periodic DT signals: \

~ 3 o = Xa,|

n=N) k=N)

where a, ~ x(n). Similarly, the average power in one

period of the periodic x(n) is equal to the sum of the
average powers in all of its harmonic components.

Note that the properties of DTFS are given in Table 3.2

N W,




/ The Eigenfunction Property of Complex Exponentials \

CT: ESEJ » h{t] "'Hl{:‘:‘jl{’- st
(o
cT Hi(s) = f h(t)e =t dt
"System Function" — 00
DT: 2" - h|n| ~H(z)z"
DT

oo
"System Function" H(z) = Z hin|z""

where h(t) and h(n) are impulse responses /
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Fourier Series: Periodic

Signals and LTI Systems

2)= D ae™ —— h(t)

z[n| =

ko=

=

—pu.f'[tj o Z H{jkwn]ﬂkﬁjkw"t
k=—o00

ar — H(jkwo) ag

So |ag| — |H (jkwo)||aw
or powers of signals get
modified through filter /system

'_"_"'I

I.Lgﬂi n""'

H(jkuwo) = |H (jkuwo) e’ =" 7*0)

includes both amplitude & phase

> aed L p

k=<N>

—...y[ﬂ] — Z H{Ejkw:]}akﬁjkmnn

k=<N2>

ap — H(

E.fnﬁa'f-ﬁuj i

| SR

“gain”
flewin

H-{Ejkwu} _ |H-{Ejkwu}|sjf_r Hie

includes both amplitude & phase
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/ The Frequency Response of an LTI System \

.

ijtﬂ

F——

H(jw)

e H (juo)e"

(5 = jw)

CT Frequency response:

f‘j W

O

H(jw) = f h(t)e I¥tdt

— 0

— =]

H(el™)

—-—H{Ej*’-’ )EJWH

(2 =€)

0
DT Frequency response: H(e?*) = Z h[n]e ™

==

/
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/ Frequency Shaping and Filtering

\

* By choice of H(j®w) (or H(&?)) as a function of @, we can shape
the frequency composition of the output

- Preferential amplification
- Selective filtering of some frequencies

Example #1: Audio Svstem

Adjustable

Filter

Equalizer

3

w
v

Bass, Mid-range, Treble controls

Speaker

For audio signals, the amplitude is much more important than the phase.
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Example #2:

Lowpass Filters:
Only show
amplitude here.

Frequency Selective Filters

Note for DT

H(ij:] . H(Ej[u:+2:lr])

Filter out signals outside of the frequency range of interest

CT
| jen)|
l."f.-.f N - H.x".
.-'"'-.‘;; .NNH"\-\.
= W
Stopband Passband Stopband
DT
|Hfeiw) |
low low
— -, I

) ; , . oo
\ / frequency
\a__ S M f,f'

™, frequency
/ N

N

2

LY
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Highpass Filters

~

high

CT
B |H{jw)l B
| f
b J
AN B
Remember: DT
(_1}1*1 — E_-,r'-rm
7 = highest frequency in DT | H(¢’®)
high
S o L f r - frequenc
/ H / equency q
/ \. / / /
N N B 4 S A
y o 27 JT

/
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Bandpass Filters

CT
I
=iy, o,

DT
IHy /=l
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4

Idealized Filters \

CT H(jw)

1

@, — cutoff

. frequency
-0, 0 W, 0

- Stopband =-=——Passband-——»-—— Stopband -

DT H(el®)

N |

-27 - -0, 0 b 2T

Note: |H| =1 and 2 H = 0 for the ideal filters in the passbands.
no need for the phase plot.
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CT

DT

Highpass

H(jo)

H(el®)

|

|

2N -2+, -0




-

CT

DT

Bandpass
H(jw)
1.
W2 =1 ﬂl}m ®c2 W

lower cut-off  upper cut-off

H(el®)

-21

-z —Me1 Wy W2 T 2n
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ﬂ};ample #3: DT Averager/Smoother \

yin] = % (z[n — 1] + an] + z[n + 1)}

hin] = % (610 — 1)+ 3ln] + 6l + 11}

i FIR (Finite Impulse

T $ x IB Response) filters

. . . :._ E . “i »
0:
3

»

-1 1 n
= 1 T 1 2
H(e“) = Y hln]e 7" = e 14 e] =5+ Scosw
==
(™)
1




Example #4: Nonrecursive DT (FIR) filters

1 Af | M
yln] = N M1 Z I:::[n — k| — hln| = N M1 Z d[n — k]
k== N k==N
M . .
II{("JW:I _ 1 Z E_j';ﬁ_u. _ 1 ijl{-""'f—l'lf]ﬂ] =1I0 [l.d[ﬂr! + N + ].:]l,-"r?]
N+M+1 Nt N+ M+1 ﬁin{mfﬁj
IH{elw)|
1
M+MN+1 =33
-1 2 0 m"E‘* T W
Rolls off at lower
_ e as M+N+1
IH(el®)l increases

M+MN+1 =65
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Example #5: Simple DT “Edge” Detector
— DT 2-point “differentiator™

y[”] = %{ﬂ‘:[ﬂ]—:}:[n_l]} IUEI
in] = 5 {6ln] — 3ln — 1]} .

J emIw/2(giwl2 _ o=iwi2y = jemi¥/2gin(w/2) | H(eiw) |
E-'- \ | ¥
J n l 1
: 1 p .
H{e!™) = E{l —e %) = je 1% gin(w/2)
|H(e)| = |sin(w/2)|

T

Passes high-frequency components

-

LW
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