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FOURIER SERIES

/




The eigenfunctions ¢, (t) and their properties

(Focus on C'T svstems now, but results apply to DT systems as well.)

o (t) -

System

)h!., o (t

f—JT—\

clzenvalue cigenfunction

Figenfunction in — same function out with a “gain™

From the superposition property ol LTI systems:

:1.'[1‘,] = Zk ::r.;i:q.'}k(t]
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Now the task of finding response o LTI systems is to determine 4.




Complex Exponentials as the Eigenfunctions of any LTI Systems
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DT:

GHL H(S)ES-!
x(t) k() ~y(1)
H(s) = ] ht)e = dt
r(t) = Za.;c# — y(t ZH (55 )ape !
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For Now:

C'T:

Dl

What Kinds of signals can we represent as

“sums™ of complex exponentials?

s = jw — purely imaginary,
i.e., signals of the form e/*?

_ L jw
z = el

i.e., signals of the form e/“"

U

C'T & DT Fourier Series and Transforms

Periodic Signals

/

Focus on restricted sets of complex exponentials

Magnitude 1




gomplex exponential (sinusoid): \

x(t) = e¥| _. = elot= cos(wt) + j sin(wt)

S=jw

S=jw => Re{s} =0, Im{s} = w

DT complex exponential (sinusoid):
z" =(|z| e%)" = =|z|* elon, w=/2, |z|] =1

x[n] = z"|,_, = &°" = cos(wn) + j sin(wn)
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Fourier Series Representation of CT Periodic Signals

x(t) =x(t +71T) forallt
- . x(n
- smallest such 7 is the fundamental period

- == is the fundamental frequency /\ /\ /\ /\ /\\
& - . N ] | | |
-2T -T 0 T

J 2Tt
ed“!t periodic with period T < w = kwq
(% o
. Z 3 TP Z 3 e SR
b= —xg h=—o0q

- periodic with period 1
- :“.ﬂ.‘: are the Fourier (series) {'EJL:'_.!FEJT{'J'-{“"F?J'.'&' or Spectral Coefﬁcients

k=0 DC
- k==1 first harmonic
- k=22 second harmonic




Example 2(t) = ot

Fundamental
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'nd Harmonic

Ard Harmonic

Real Part of Complex Exponential Harmonics

Time (s)



Question #1; How do we ind the Fourter coetticients’?

First. for simple periodic signals consisting ol a few sinusoidal terms

Ex: x(t) = cosdmwt+ 2sin8xt
o _ 1. .. DT> B ;
[uler's relation — Z [prdmt o eyt 4~ [p3BWE E—Jﬁ-ﬂ'l
imemaortze!) =]
- dm 2w 1
wo = A7 Izi-'-’rj_al:'r_i
ag = 0 nodccomponent
(= l
2 1
1 = T
1 2
e = =
2 i )
L = ——
J
as = ()




. For real pertodic signals. there are two other commonly used

4 N

-
x(t) = ap + E (ovp cos kwot + 3 sin kwyt]
=1

O o0 { \
2(t) = ao + Y [k cos(kwot + 6]
fi=1

torms tor C'1 Fourter series:

. Because of the eigenfunction property of” @, we will usually
use the complex exponential form

- A consequence ol this 1s that we need to include terms for
hath positive and negative frequencies:

l,._,j.‘:i! whin t e J”i ot
f . >
L Jkwpt —Jkwq by
Remember cos {F;:w‘u.t:l —  S\E e T
. 'l ¥ III-JEP.' . .IIL 1 _.”i;;i.':..-_-'rnlf ._—]I'J-.':;.-'r.f,
and sin (kwpt) = J_;[r —e )
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(Given x(t),

Now, the complete answer to Question #1 ;. = 4 a1?)

Suppose
i — L oo 1 5 ; _,—j‘i"l.u.-'uf
1) multiply by e—dnwo! 2(t) = Z S 1) ILIILLIL]I_J-I} by e |
2) integrate over one period oo 2) integrate over one period

|

. o l
/ r(t)e IMNdE = / ( Z aped Feot ) e~ dnwot gy
J Jr

k=—mc

_ Z 1 (/ |!,_,llr.i!., re.flu.'::l'd'i)
- A

| Here fT denotes integral over any interval of length T {one period).)

/- .,_-.i;l:-[t—ﬂ :u-nrfﬁ _ I] k=n
JT 0, k #£n

= Tk —n] Orthogonality

MNext, note thal

11




[ r(tlemimoldt = 3" g ( f ej“""“}“‘ﬁ*dt) = Y ap-T8k—n]
ST k=00 T k=0

/ z(t)e "t = a, T
7

|
CT Fourier Series Pair (.;L,:D = ﬂ?ﬂ)
o
x(t) = Z aelfwot (Synthesis equation)
P

T
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Alternative Forms: Amplitude-Phase

There are alternative expressions for Fourier series. Since a_j = a,,

I

X £
J'":;r"_] — § (1 fﬁjkm‘E — an + E j”k“j.ﬂ:kuf _|_§ :”_k{\_j_l,-;u_;f

k=—mx

%
— i —|— Z [(”h {mjku}{ij _|_ (”A {,jkiﬁ;tj'!'
k=1

10 oIkwt)

i .
= a0 EZR{W {:prjkwt:}) — (p + EZRP {|HL:
k=1 P
— (i + :-;} E |ij|]_—{p { Pj[.l[L:{J.:f—FE.[.. I}
k=1

— g + E'Z Ap cos(bwt + )
k=1

Fa Fa -
Here Ay = |ax| and 8y = Zay, is the complex phase angle of ay.
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Alternative Forms: Trigonometric

o

r(t) = E (1 of kuwt

h=—m

X
— g+ E’Z Re {H;L- el kwt }>

k=1

A
= ap+ 2 Z Re {H;L. i rhlf_'f.;:;f'_fl + .f”.ﬁ: s f-'bn,'?L:'}
k=1

e
— g+ 2 Z Re{ag b cos(hwt) — Im {ag b sin(fwt)
k=1

e
— i _|_ :2 Z Bk_ [} }H[_..'!]f._.-:_.:'?l- | — ‘./__Ij:: :‘*-111' J{,',__,__'f'-.]
k=1

where By, = Re {a;} and Cp, = T {ag}.
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Alternate Forms Summary

M
Exponential:  z(f) = Z ay, Bt
k=—oc
E
Amplitude-Phase:  2(t) =ag+2 Z Ay cos(bwt + )
k=1
e
Trigonometric:  =(t) = ap+ 2 Z By cos(kwt) — Cy sinf kwt
k=1
ap = A’ = By + jCy
Ak = VIHBﬁ + Cp = |ag| O = L(By + jCx) = Lay,
B = Apcos(f) = Re {H;L-} (' = Apsin(#.) = In {H;L-}
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Ex: Periodic Square Wave

x(1)
1
i |
-1 a2 L Y Ty 1
rork =0 1 [T/ > DO component
Go = T/ a(t)dt = % 15 Just the
—t/2 average
For k # 0
1 .T'IJ.-'E " t 1 T | :
e — _/ T{'I’J}{_’_J gER fﬂ: — _f I:.,—j' RFLy] ri_lr_
T J rp I J_
_ - 1 t::l_j;'___l_:“tl-]"l _ Eiﬂ k-'..-:.'ﬂ'Tl Wo = Eﬂ'
FkweT T kT T
T = 8T,

TT.-lIl-.III.lI.I.-.Il.T_;-I D I;T.l..l-.llj"llilll.-..r.r “
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Review:

CT Fourier Series Pairs

27
LLJ[]:?

.T(t) _ E aj. Ejﬁvw[]ﬁ E ar E_‘}E?"Lth
k=—o00 k=—ox

1 sigics
i / z(t)e~Ikwot g
T

T Skip it in future
for shorthand

() <> aj
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Another (important!) example: Periodic Impulse Train

L]

xr(t) = z d(f —nd’) — Sampling function
= —0
important for sampling
(1) .

s ﬂl‘x A ;\'\. -"-h“"k £ fﬂHH -"'f HH“"-. & ﬁ'x

-2T -T T 2T aT t
e | L _

aj. _ 7 f It’i}c—urﬁ."_u'nl'.tﬂ — T f d{f-jt‘._':‘l'["u-lchrdﬂ
T2 T2
= — forallk !

T

All components have:

1 e . (1) the same amplitude.
; _ Iui'.i-lif;n.-‘“ i )
x(t) = = e £

=T (2) the same phase.
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Dirichlet Conditions for Convergence

The Fourier series representation of a periodic signal =(1) converges if
all of the following conditions are met.

1. le. r(t)] dt <

2. Finite number of discontinuities in a period 1

3. Finite number of distinct maxima and minima in 1
4. (1) is single valued

These are sufficient, but not necessary, conditions.

19




These conditions are usually satisfied in practical context

When these conditions satisfied, the truncated Fourier series,
with finite (N) no. of terms, will be the best approximation to
the original function;

The total squared-error magnitude over one period is used for
comparison:

J = J[x(t)- x, ()]° dt

N
xy(t) = Zakeﬂm
k= N

20



Properties of CT Fourier Series

«  Linearity z(t) & ap,y(t) < b = ax(t) + By(t) < aay + by
«  Conjugate Symmetry
x(t)isreal = a_j=a
1

ar = Re{ap} + jlm{ag}
_ |”_A_|E!Jfrﬂn:.-
Re{ay}t is even, I'm{ag} is odd
Or
\a| is even, Zay is odd

[ntroduces a linear phase shitt « ¢

21



/Em mple: Shift by half period
y(t) =x(t —T/2) « are 75 = (—1)%ay

UEing E—jkwﬂTfi" E—jkfrr
y(t)
Ay . s f_ﬁxk_[" 1) , sy
: I
3712 T - T/2 T/2 T 37/2

y(t) — (—1)*ay (a;ﬁ == F.C. of Z At — nT))

Th=——

22




K Time Reversal

y(t)=x(-t), the period T is unchanged,

YO =x-0) =3 a e = Ya e
k =0 m=-o0

where k = -m substitution is made.
Xx(t) - a, then x(-t) « a,

Note that if x(t) is even, x(-t) = x(t) then a,=a, ;

\And if x(t) is odd; x(-t) = -x(t) then a, = -a, ;

™

/




/‘ Time Scaling \

For a positive real number a, x(at) will be periodic
with T/a and fundamental frequency aw;

x(at) = Y a, e’
k =0

Note that the Fourier coefficients have not changed
but the Fourier series representation has changed.

- J




. Parseval’s Relation (applies to power signals)

oo
P = —/ lz(t)|?dt = E ar|’
I T e — o S——

Average signal power k+r harmonic

Energy is the same whether measured in the time-domain or the
[requency-domain

*  Multiplication Property

a(t) « ap,y(t) < bp (Both z(t) and y(t) are

{ periodic with the same period T)
T
x(t)-ylt) «— e = E b = ag # by
Proof: l=—ao
Ldlwnl b :_,l.'J.:...nt 7 F{l4+mwpl H“"-'?— h ,Ill-u.n.-r L
(e m Oy £ i _j| e
_m L,
-"'_,'.‘,_'Ir =
xiE) y[ t) o
o
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Periodic Convolution

x(7). vir) periodic with period 7

x(1)

y(#)
RN f’fx“x /ﬂx‘» N
s i o . S ™
-.--_.-" Rx .-___.-'"'f HRR .-___..-"" M‘x._& .-___.-"'
o T2 0 T2 o
O
x(t) * y(t) = f w(7T)y(t — v)dT
— o

E.g. If both 2(f) and y(f) are positive, then

x(t) * y(t) = oo

26




Periodic Convolution (continued)

Pertodic convolution: Integrate over any one period (e.g. -/72 to 172)

T/2 o0
z(t) = f (T )yt — 7)dr = / xr(T)y(t — 7)dT

—T/2 — oo
where
s P
X (f)
11

27




Periodic Convolution (continued) Facts

1} =z(7) 1s periodic with period T
From Lecture #2, z(t) = x(t +T) — y(t) = y(t + T') for LTI systems.
In the convolution, treat y(¢) as the input and x(t) as h(t)
2y Doesn’t matter what period over which we choose to integrate:
z(t) = / x(TIy(t — v)dr = z(t) ® y(t)
Periodic T
3) convolution
in time

Cp = Ii/ z(t)e Ik=ntdy — ’j_‘ (f (T )yt — T}EIT) e~ JFwot gy
T T T

1 & ¥
f (?f Yt —T}ﬁ'_'?k""““_r':'dﬂ) x(T)eTE0T gr
e s

b,

x(t) > ag, y(t) « b, 2(t) — cy

; . Multiplication
; L = Tarbp .
- w(T)e a7 = L aRDy in frequency!

28




Products of Even & Odd Signals

The product of even and odd signal is either even or odd

r(t) even, y(t) even = even
plt) =x(tylt) = xi—1t)yl—t) = pl—1]
r(t) even, y(t) odd = odd
£ i o £ ! y I \ ; y
!J'III?L__I == ,i"l__f'._lln'l,l'll_?l'..l = ,F'III—?L_II [—;Jn'l._—f._l] — —!J’I__—?L_.I
r(t) odd, yi(t) even = odd
£ 5 g p \ p " ; \ ; \
p(t) = z(t)y(t) = [—x(—t)] y(—t) = —p(—t)
r(t) odd, y{t) odd = even
plt) = r(tiy(t) = [—.i"l::—?L:l] [—_f;i_'—f'_]] = r{—t)yl(—t) = pl(—t)

The same relations hold for discrete-time signals

29




Symmetry Advantage

Conceptually, the F5S coefficients are the integrals of products

The integral is nothing more than the area under a curve of this
product

If the product is odd, the total area is zero

It the product is even, the total area is twice that of the left/right
half

Consider the trigonometric FS coefficients




Symmetry & FS Coefficients

)

By

an + 2 E B cos(fwt) — C sin{ kwt |
k=1
|

() cos{ fwt ) di

Jirll . '_-lr”

| /2 l /2
— ,rflf_fj i'”-“*';.'rm;?' | il + j_ Tall | & ;Hf_,n’,-w-ff] i

g — iy I - L

/
I '.-l.r|| A Tll_.' =
Tn/2
1 | iy

—_— Telt) cos( hwt ) di
Jrll . _Tll_f'l.j

| .
alt) sin(fkwt) di

Jrll T”
1 FTn /2 FTh /2
— — Telt)sin{bwt)dt — = Tolt)sini fwt ) di
Jrll —Th /2 Jrll —Th /2
1 +To, 2

— = Tolt)sin(fewt ) di
I J -7, 0




Symmetry & FS Coefficients Continued 2

'l -I—T”l,"llg
Bk — -'f_' ,I'E.f?L:l [ }‘““: J{Irl..l..-lfl_] 11#
i _1",,;“;,3
-} -I—T”I,"ll:.g
— j; re(t) cos(kwt) dt
o
]. -|—T||l,-"l'.-2
{i_lk — _T o |f-| Hlll':: Jlrlrl.,l.-'f._] 11?L
i —TII,."'.'-E
g [HTa/z |
— _T Tq Ii‘r'l H.llll:: Jl[lrn.,l..'f_] 1hL
[ [l

Symmetry can simplify calculation of the FS coefficients
IT =(t) is even, ('), = 0
If =(1) is odd, B =0

Each product within the non-zero integrals is even




Example : Triangle Waveform

AL
_Ev._-.VE

What is the fundamental period of =(#)7 What type of symmetry does

the signal have? Find the trigonometric Fourier series coefficients.
Plot the partial Fourier series sum for N =1, 5, 10, & 50. Hint:

‘['h-q slwt) dt = :]; cos{wt) + 551'11{ wt) +




Coefficient Spectrum

(.45

Fourier Series Coefficients Amplitude B

,_
_
-
N
_
-
e
e
_
-

|
L L L




Partial Fourier Series V=1

LN

b
£

Fourter Series Approximation (N=1 )

05 0 (0.5 | .5 2
Time {(sec)

b
£




Partial Fourier Series V=5

b
fn

Fourier Sertes Approximation {(N=3)

2

£

Time (sec)

£




Partial Fourier Series =50

i_.-"l

I
N

Fourier Series Approximation (N=50)

(1.5 () (.5 | .5 2 2.
Time (sec)




Example : Pulse Waveform

I3
1
-_— T
—

What is the fundamental period of »(#)7 What type of symmetry does
the signal have? Find the trigonometric Fourier series coefficients.
Plot the partial Fourier series sum for N =1, 5, 10, 25, 50 & 100.




Coefficient Spectrum

Hk

020

'[}'.l_"?||-

(.05

(] il

Fourler Series Coelficients Amplitude B
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Partial Fourier Series N =1

0.4

Fourier Series Approximation (N=1)

(.5 () (.5
Time (sec)
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Partial Fourier Series V=5

41




Partial Fourier Series N =10

Fourter Series Approximation (N=10)

|

=

Time (sec)
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Partial Fourier Series V=25

0.8

(.6

.4

.4

2

Fourler Series Approximation (N=25)

‘ih‘ri 2 !tﬁi‘ lhﬁi o #“nn‘ A‘.'*.

“”’\?‘ ?0 ~ ‘*.\} ff’f e\ 2

2
I~

05 0 0.5 | | .5
Time (sec)

|
e
>
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Partial Fourier Series N =100

Fourler Series Approximation (N=100)

0.8 F

0.6 F

U4 F
i

- & \g ‘m—#ﬂ *r&p -.-‘r.

Y f o o e . . ._‘__ .
"!-;. = \b’ \"»1 l :

N\
.nrﬁi P H'u

1,,\?, {.

0.4
2.5 2 |.5 | (1.5 0 0.5 | |.5 P 2

Time {sec)




Gibb's Phenomenon

For finite Fourier series estimates there is apparent overshoot
As N increases, the edges become sharper and more accurate
The maximum overshoot (error) does not decrease as N —

This is called Gibb’s phenomenon
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Example : Sawtooth Waveform

What is the fundamental period of »(1)7 What type of symmetry does
the signal have? Find the trigonometric Fourier series coefficients.
Plot partial Fourier series sum for N =1, 5, 10, & 50. Hint:

f feos(wt) dt = ﬁ cos(wt) + ir«'ill[}uﬂ + " and

f fsin(wt) df = F]' sinfwt) — i{-{ slwt) + C
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Coefficient Spectrum

0.a =0.5
0.2 By =08

(.15

o1}

0.05

Hd;ﬁiiiiiiiiil&lllllllll -

0.05

.15 F

'::lﬂl [ [ [ [ [ [ | [ | [ | [ | [
20 | 5 1) 5 () 5 | () 5 20 25
kth ( harmonic)

a7




Partial Fourier Series V=1

U= E

R

0.4

.2

()

0.2

by

hn

Fourler Series .ﬁ|ﬁ|_a|'wxi|mlio|1 (N=1}

(1.5 0 (.5 | |.5 2 2.5

Time (sec)
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Partial Fourier Series N =5 \

Fourler Series .e"m[‘lpm\:immjnn (N=5)

0.8 gdd

.o F

0.4 F

0.2 F

0

0.2F

[] 4 ] [ | ] ] i ] ] [ | [ | [
2.5 2 |.5 | 0.5 0 (.5 | 1.5 2 2.5
Time (sec)
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Partial Fourier Series N=100

(1.5

L6

Fourter Series Approximation (N=100)

| 0.5 0 (0.5 | 1.5 2 2.
Time (sec)
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