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/ Exploiting Superposition and Time-Invariance \

xn| = Z!’Lkiﬂ;ﬂ[?"b] nearystem, yln| = Z akYi|n]

k k

Question:  Are there sets of “basic” signals so that:

a) We can represent rich classes of signals as linear combinations of
these building block signals.

b) The response of LTI Systems to these basic signals are both simple
and msighiful.

Fact: For LTI Systems (CT or DT) there are two natural choices for
these building blocks

Focus for now: DT  Shifted unit samples
CT  Shifted unit impulses




/Representﬂtiﬂu of DT Signals Using Unit Samples \
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ﬁﬂt is ... \
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The Sifting Property of the Unit Sample
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Impulse response of DT LTI systems:
Consider,
ym) +a, y(n-1) +...+a,y(n-k)=x(m) (1)
where x(n) is the impulse function 6(n), with é(n) =0 for n#0

and 6(n) = 0 for n < 0. Let h(n) be the impulse response sequence.
Since h(n) must satisfy the above equation for all n, we can write,

h(n) +a, h(n-1) +. ..+ a_h(n-k) = 6(n)

As all the terms on the left, except the first, will be zero for n=0,

this equation simplifies to
h(0)=1 J
5




Similarly, for n = 1, all the terms except the first two are zero,
and we have

h(1) + a, h(0) = 0

Continuing with these steps yields k linear equations through which
initial conditions h(0), h(1), ..., h(k-1) can be obtained.

Similar to the continuous case, we obtain the complementary
solution for the difference equation with 6(n) = 0 for n # 0 and

calculate arbitrary constants to satisfy initial conditions.
/




Example: Consider

y(n) — 2 y(n-1) + 1.31 y(n-2) — 0.28 y(n-3) = x(n)

The characteristic equation (CE) is
A(Q) = ¢>-29*+1.31q-0.28=0 => q,=0.5, q,=0.7,q,=0.8
Hence, the complementary solution is

y.(n)=A 0.5+ B (0.7)»+ C (0.8)"

To obtain i.c., we start with h(0)=1,

h(0) = 1 =>  h(0)=1
h(1) — 2 h(0) = 0 =>  h(l)=2
h(2) — 2 h(1) + 1.31 h(0) = 0 =>  h(2)=2.69




Substituting these in the complementary solution gives,

A+B+C=1 A=25/6

0.5A+0.7B+0.8C=2 => B=-49/2

0.25A+049B +0.64 C =2.69 C=64/3
Hence, the impulse response sequence h(n) is obtained as

h(n) = (25/6) (0.5)" — (49/2) (0.7)" + (64/3) (0.8)"

=4.167 (0.5)"-24.5(0.7)"+ 21.33(0.8)n >0

!
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Suppose the system 1s linear. and define /;[n] as the

x[w]—»{ DT System —>y[n]

response to Jn - kJ:

dn — k] — hg[n]

~

From superposition: J}
zln)= Y  a[kldn—k] > yn]= Y a[klhkn]

.

fe=—o0

h=—no

/
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.- x[n]—— DT System ——>y[#n] |

* Now suppose the system 1s LTI. and define the unit
sample response h|n|:

d[n| — h|n]
From TTI: 4

dln — k| — hin — k|
From LTTI:

vln] = Y alkldn—k —yln]= Y  z[k]hln — k]

k=—oc k=—o0
\ Clonvolution Sum /




/ Convolution Sum Representation of \
| Response of LTI Svstems .

0
yln] = x[n]*xh[n]= Y  a[k]h[n— k]
. k=—00
Interpretation
a[r] hrn]
! — { | { | -
1 0 1
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x|k]d[n — k] xlk|h[n — k]
: — ] { [y .-
k n k 1"

\ Sum up responses over all k /




/Viﬂuﬂliziug the calculation of y(n| = x[n| * hin| \
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Choose value of n and consider it fixed
{2
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k—=oo

View as functions of & with n fixed
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/ Calculating Successive Values: Shift, Multiply, Sum \

x[k]
12
o 1 ke
Y 9 hln — k]
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4l bnt ke
n4+ 1
yn| = 0 forn< -1
ylo] = 0x1+1x2=2

1 -F1)x1 + 0x2 +1x%(-1)=-2
y[2] = (1)x2 + 0x(-1)+1x(-1)=-3
y[3] = (D*x(D)+0x(-1)=1
4
n

ol — (-1) % (-1)=1
n = 0 forn>4
H“"—\—\_




/ Properties of Convolution and DT LTI Systems \

1) A DT LTI System is completely characterized by its unit sample
response

Ex. #1: hln] = d[n — ng)
There are many systems with this repsonse to d[n]

There is only one LTI System with this response to §[n]:

yln] = z[n — ng]

|

z[n]# d[n — ng] = x[n — ng]

. /




Ex. #2:
yln] = 5" _. x[k] - An Accumulator

Unit Sample response

Z olk| = uln|




The Commutative Property \

y[n| = x|n| * h[n| = h|n| * z[n|

Step response s[#1] of an LTI system
s\n| = u[n| « hln| = hin] x u[n|

T [

ep “mput” Unit Sample response
npu of accumulator

|

P
s[n] = Z h|k] running sum
hk=—ng
or h[n]=s[n]-s[n-1]




/ The Distributive Property \

zn| * (hi[n] + ha|n]) = x|n| * hi[n] + x * ha|n]

Interpretation
x[n] ‘ h,[n] + h,[n] y[n]
||
h[n]
dnl =yl

\ | + haln] | /




/ The Associative Property \

z[n] « (ha[n] * ha[n])

EGﬂmmutativity]‘ I

z[n] x (hg[n]* hy[n])

(z[n] « ha[n]) * ha[n]

(2[n] % ha[n]) % b [n]

Implication (Very special to LTI Systems)

x[n] h,[n] h; [n] yln]
|
x[n] hy[n]h,[n] | yln]
|
\ x[n] h 2[n] i, [n] y[n] /




/ Properties of LTI Systems \

1) Causality — hin] =0 for all n < 0
+ 0o
2) Stability Y |hlk]| <
k=—0o0

. Y,




/ Representation of CT Signals \

* Approximate any input x(7) as a sum of shifted. scaled
pulses

(1)
S ()
P

0OA t

z(t) =x(kA) , KA <t < (k+1)A

- /




/- 'ﬂ.ﬂ.{t} -\
x

| dA (1) has unit area |

r(kA) 4 AS,(t) has unit amplitude

= 2(kA)Sa(t — kA)A

(k+1)4 !

it)= Y a(kA)ialt — kA)A
h=—oc

| limit as A — 0

r(t) = /m x(r)o(t — 7)dr

\ The Sifting Property of the Unit Impulse /




For the case of unit step signal, the above integral yields,
u(t) = fu(r)é(t- 7)dt = fé(t- 7)dT
- 0 0

since u(t)=0 for 1<0 and u(t)=1 for 0.

Impulse response of CT LTI systems:

Consider a system described by the first-order differential
equation,

y'() +ay(®) = x(t) () J
here x(t)=6(t) and assume that y=0 for t<0. 22




o(t) is applied at t=0, so outside the interval 0. <t <0,
we have y=0 at t=0- and

y'(t)+ayt)=0 for t>0

+

This homogeneous solution can be obtained easily, if y(0, ) is
known. Integrating (1) between t=0_and t=0, after multiplying
both sides by dt gives,

0, 0, 0,
fdy + faydt = fé(t)dt => [y(0,)-y(0)]+0=1

where the second term is zero since y(t) is known to be finite,
i.e. no discontinuities and (0, 0,) is infinitesimal;

0)=0 => y(0,)=1. 23




Therefore, the impulse response is given by
h(t) = e u(t)

where u(t) is the step function. The response of a first order
linear system to a unit impulse is identical to the response of the
unforced system with the initial condition set to 1.

Similarly, the response of a unit impulse for the n-th order system
is identical to the response of the unforced system with

ye (0,)=1

and all the other initial conditions being zero.

24




Example: Consider,

y’ () +4y(H)+ 3y =x(t)

where y(0) = 0 and y’(0) = 1. The roots of the characteristic
polynomial are -1, -3, so we have the complementary function as

y(t)=Aet+Be™
With i.c. we get

y(0)=A+B=0
y’'(0O)=-A-3B=1 => A=05 B=-05

Consequently, the impulse response h(t) is found as
h(t) = (0.5 et-0.5 e%) u(t) J
25




Now consider the more general case with derivatives of x(t)
included,

D(p) y(t) = N(p) x(t)

where it is assumed that deg D(p) = n, deg N(p) < (n-1), so that the
system function L(p) is strictly proper.

The system equation is considered in two parts as

D(p) z(t) = x(t)
y(t) = N(p) z(t)

such that the impulse response of the first equation is obtained and
afterwards used in the second equation.

26




Ajpnuse of a CT LTI Svstem \

x(t) +{ CT LTI ~y(t)

dalt) — halt)

(o] (o
B(t)= > a(kA)a(t—kA)A — §(t)= )  a(kA)ha(t—kA)A
k=00 k=—o0
1)
Impulse response: d(t) — hit)

Taking limits A — 0

r(t) = [_ | r(r)o(t — r)dr — y(t) = / r(r)hit — 7)dr

af — [Cwh
g —_

\ Clonvolution Integral /




Operation of CT Convolution

o

y(t) = x(t) = ht) = [ x(T)h(t — 7)dr
W — X0
El; .
h(r) —% h(—7) 29 h(t—7)
Multiply Integrat -
SR, a(r)h(t — ) B f e(7)h(t — 7)dr
— 00
Example: CT convolution
(1) hit)
I+ # A T I
/
3 i 2 -0 f
(T
, . hit-1)
\
x'h‘*x
3 T ¢ 1+ r T

i+2




Time Interval

t< 1

1 <t< 0

0 <1< 1

1 <t< 2

> 2

x(T) - h(t-1)

TS

i+ .i_':i-
1+2

yit)

Output
Vi) =10
i) =
¥(t) =
W)= 3
wtj=0

| e [
.
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—1
- 3
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L

—3)(t -
= g': — ]}3




PROPERTIES AND EXAMPLES

-

™

1) Commutativity: x(t) = h(t) = h(t) * z(t)
2)  x(t)xo(t —tp) = x(t —tg) Sifting property: x(f) * o(f) = x(t)
t
3) An integrator: y(t) = f x(T)dr
o So if input x(t) = 4(t)
Y output y(t) = h(t)
t
h(t) :/ A(7)dr = u(t)
That is ,
running
i .
y(t) = z(t) * h(t) = |x(t) *u(t) = / o(7)dr integral
4) Step response: — t or
$(8) = u(t) * h(t) = h(t) * u(t) = f h(r)dr hg-dsle




x(1)

x()

DISTRIBUTIVITY \

h (1) + h, ()

= (1) = x(t) *[h () + h,(1)]

— | h, ()

= y(t) = x(O) = h, () + x(r) =h (1)

—*‘ h, (1)

4




/ ASSOCIATIVITY \

() B fe (@) e Y0 = O 0] 0
|
R I s GEECE LN GRUR0)
= Commutativity
e e GEE O (RGRNG)

w h (1) —"‘ h (1) ‘—J’(ﬂ[—t(ﬂ*h?(f}]*h:{y
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Causality: CT LTI system is causal <> h(t) = 0,t < 0

Stability: CT LTT system is stable < ffj |h(7)|dT < o0

\_ _/




A DT LTI system is

memoryless if h(n) =0

and

with memory if h(n) # 0 for n#0
A CT LTI system is

memoryless if h(t)=0 for t#0
and

with memory if h(t) Z0 for t#0

Examples for memoryless systems;

(a) h(n) =K 6(n), y(n) =K x(n) where K = h(0)

(b) h(t) =K 8(m), y(t) = K x(t) J




/ The Operational Definition of the Unit Impulse &(r) \

o(t) — 1dealization of a unit-area pulse that i1s so short that. for
any physical systems of interest to us, the system responds
only to the area of the pulse and 1s insensitive to its duration

Operationally: The unit impulse 1s the signal which when
applied to any LTI system results in an output equal to the
impulse response of the system. That is.

o(t) = h(t) = h(t) for all h(t)

\ o(t) 1s defined by what it does under convolution. /




The Unit Doublet — Differentiator \

d dax(t)
F t o . _
z(t) dt y(t) = —

¥

Impulse response = unit doublet

un(t) = fi(;it)

The operational definition of the unit doublet:

dx(t)

x(t) = uy(t) = pr /




/ Triplets and beyond! \

n >0
/ n t-?l";lEE
n 1s number of
differentiations

Operational definitions

d™ax(t
x(t) * u,(t) = dﬂ;s ) (n > 0)

\ /




/ Integrators \

x(t) > | (1) :/_. x(T)dT

Impulse response: u_(t) = u(t)

“-1 dervatives" = integral = LR. = unit step

Operational definition: x(t) * u_,(t) = fj% x(7)dr

Cascade of n integrators:

U_pn(t) = Uy GEZEEE" u_l(tl (n > 0)

"~
n times




Integrators (continued)

More generally, for n

o

J

H_ltt)

H-_g(t)

= 1-u(t)
>0

tﬂ_l
U_n(t) = (= 1)!-u(t)

J

™

- ’u_g(fl)

/_t u_l(r)(f.r:/j u(T)dr

the unmit ramp




/ Notation

Define ug(t) = o(t)

Then Un (1) * Um () = Unym(T)

n and m can be +.

E.g. uy (t) * u_y(t) = uo(t)




4

.

Sometimes Useful Tricks

x(t) = h(t) x(t) *d(t) = h(t)

x(t) * ui(t) * u—1(t) * h(t)

= () *wr(B)] + h(t) )+ u_i1(t)

Differentiate first. then convolve. then integrate

™~




/ Example \

xit) hit)

r_l

dx(t)

\ yr =0(t+1)—20(t —1)+0(t — 2) /




e

dr(t)
dt

2(£) % h fj_f [d”": 7)

s hit) =h(t+1) —2h(t — 1)+ h(t — 2)

o

Example (continued) \

«h (T}] dr

1

A

1




Inverse Systems
A system is said to be invertible if distinct inputs lead to distinct
outputs. If a system is invertible, then an inverse system exists
such that when cascaded with the original system yields an output
equal to the input to the first system.

xy | YO =2x(@) v(0) Tw(t) = (1/2)y(t)

system inverse system

A 4
A

y(n) :kZ x(k) w(n)=y(n)-y(n-1) >

y(n) w(n)=x(n

1%t order difference eq.

N

accumulator




In terms of impulse responses;

A 4

A 4

h(t) h, (1) =

w(H)=x(t)

x(t) y()

inverse system

The overall impulse response is h(t) * h,(t) where the condition
that h,(t) must satisfy for it to be the impulse response of the
inverse system is,

h(t) * h,(t) = o(t)

identity system

© 5(0) (0
Similar results for DT case: h(n) * h,(n) = 6(n) J
45
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