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SYSTEM EXAMPLES
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Ex. =2 Mechanical system

K
L AMAL, L ) xit) - applied force
Mo > 1) K - spring constant
D . . D - damping constant
. . vtk - displacement from rest
0 i)
Force Balance:
d“y(t) dy(t)
M——— = x(t) — Kyi(t) — D=
az o)~ K@) dt
i}
MEYE) | vt | (t) = =(t)
df< dt . N

Observation: Very different physical systems may be modeled
mathematically in very similar ways.



@enﬂtinus \

1) A very rich class of systems (but by no means all systems of
interest to us) are described by differential and difference

equations.

2) Such an equation, by itself, does not completely describe the
input-output behavior of a system: we need auxiliary
conditions (1nitial conditions. boundary conditions).

3) In some cases the system of interest has time as the natural
independent variable and 1s causal. Howewver, that 1s not
always the case.

4) Very different physical systems may have very simlar |

mathematical descriptions. /



Classification of Systems

Static and dynamic systems: A system is said to be static if its
outputs at any instant depend only on the present value of the
inputs. A circuit that has only resistors is static system. A system
is said to be dynamic if its outputs depend on the present as well
as the past values of the inputs. Such a system may be regarded
as one with memory. A circuit that has one or more energy
storing elements such as C or L is a dynamic system.

All dynamic systems can mathematically be represented by
differential/difference equations.




Causal (nonanticipatory) and noncausal (anticipatory) systems

/ CAUSALITY \

' |
*+ A gystem 1s causal if the output does not anticipate future
values of the input. i.e.. if the output at any time depends

only on values of the input up to that time.

*  All real-time physical systems are causal. because time
only moves forward. Effect occurs after cause. (Imagine

if you own a noncausal system whose output depends on
tomorrow’s stock price.)

*  (Causality does not apply to spatially varying signals. (We
can move both left and right, up and down.)

J
*+  (Causality does not apply to systems processing recorded
signals. e.z. taped sports games vs. live broadcast. 7




/ CAUSALITY (continued) \

«  Mathematically (in CT): A system x(r) — v(r) 15 causal 1f

when x (1) = vy (1) x3(t) = wy(1)
and x1(f)=x3(¢t) forallt < 1,
Then vty =yy(f) forallt = 1,

- /



CAUSAL OR NONCAUSAL \

y(t) =2%(t - 1)

E.g. y(5) depends on x(4) ... causal
y(t) =z(t+1)

E.g. y(5) = z(6),y depends on future = noncausal
yln] = z[-n]

E.g. y[5] = x[-5] ok, but
y|—5] = x[5], y depends on future = noncausal

y[n] = (%)HH 23 [n — 1]

E.g. y|5] depends on z[4] ... causal /




Time-invariant and time-varying systems

/ TIME-INVARIANCE (TI) \

' |
Informally, a system 1s time-invariant (TT) 1f its behavior does not
depend on what time 1t 1s.

* Mathematically (in DT): A system x[n] — v[n] is TI if for
any input x[n] and any tume shift n,,.

It x[n] — v[n]

then x[n - ng] — y[n-ng] .

« Similarly for a CT time-invariant system,
It x(r) — (1) .'

\ then x(t-t,) —=v(t-t,). /
10




/ TIME-INVARIANT OR TIME-VARYING ? \

y(t) = z*(t+ 1) X(t-ty) — y(t-t))=x*((t-t,)+1)

11

yln) = (;)[ 1]

Time-varying (NOT time-invariant)

\X[H-DO] - y,[n]=(1/2)*x3[n-n,-1] # y[n-n,] /J
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/ NOW WE CAN DEDUCE SOMETHING! \

Fact: If the mput to a TI System 1s periodic, then the output 1s
periodic with the same period.

“Proof™: Suppose x(t+ T)=x(1)
and x(1) s (1)
Then by TI

x(t+T) — y(t+1T).

L

These are the S0 these must be

same input! ~ the same output.
le v =y(r+

12



Linear and nonlinear systems

/ LINEARITY \

A (CT) system 1s linear 1t 1t has the superposition property:
If x(f) = () and  x3(f) = ¥5(1)

then axy(f) + bxy(r) —  ayy(1) + by(1)

y[n] =x*[n]  Nonlinear, TI, Causal
V(1) =x(21) Linear. not TI. Noncausal

Can vou find systems with other combinations ?

- e.g. Linear. TT, Noncausal |

\ Linear. not TI. Causal /
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PROPERTIES OF LINEAR SYSTENMS

Superposition
If relnl  —  ykln]
Then Z (11T [ﬂ — Z Yk [”l

K k

-
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/ Fxample: DT LTI System \

x4 [n] w1 [n]
2 ;
u I 1 il
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4
2] ‘ 12 2
] ‘ — — lI ‘ Il
o2l 012 123
+ J
yaz[n] 2y [~ 1] yi[n — 2]

Fﬁ
LH




In general, a linear CT system is described by n-th order
ordinary differential equation,

n n-1 m
d y+a_ d _y+...+a d—y+ay=b d_Xx
R dt " de™

+...+b,x

where x is the input, y is the output, a,, b; are real constants; m, n

are integers. The order “n” of the differential equation gives the
order of the system and usually n>m.

We introduce the operator “p” to replace “d / dt” in the above
equation,
(a,p" *a,,p"'t...Tap+ta)y)=
(b,p™+b,, . p™ !+ ... + b,p + by) x(t)
or
D(p) y(t) = N(p) x(t)

16




ﬂere D(p), N(p) are polynomials in p; \

D(p)=a,p" *4a,,p"' +...ta,pta,
N(p)=b,p"+b,,p™ +...+b, p+Db,

Note that py(t) is simply a short-hand notation for the first order
derivative w.r.t. (with respect to) time. However y(t)p does not
have any meaning, i.e. py(t) #y(t)p; it does not satisfy the
commutativity property.

N(p)
D(p)

is called the system operator or the operational transfer

function or the system function of the system. L(p) is a rational
function and for most physical systems it is a proper rational
function, i.e. n>m. {

=>  y(t) = L(p) x(0) where L(P) =




@mple \
Consider a series RC circuit. Kirchhoff’s voltage law yields,

RCQ+V =F
dt

Using the operator notation, we get

(RCp+1)v=E R
—— VWV
+ ! +
The system operator for this E () c—1 V
circuit is - )
L(p) =

RCp +1

18




Deterministic and stochastic systems

A system is said to be deterministic if the system operator L(p),
as well as the input(s) are known exactly. For such a system the
output(s) for any given input can be determined for all future time
if all the initial conditions are known.

If the parameters of the system operator or the input are not
known precisely but can be described only in a statistical sense,
such systems are called stochastic. Most real systems are subject
to random disturbances and therefore most systems in the real
world are stochastic in nature. However, we will consider only
linear time-invariant (L'TI) deterministic systems.

19




Continuous-time and discrete-time systems

If time takes any value in the continuous set of real numbers,

such system descriptions are called continuous-time (CT) systems.

For example, RLC circuits or mechanical systems involving
motions of particles fall into this category.

With the advent of digital components and devices, the essential
features of the input and output signals are of interest only at
specific instants of time, given by

v

t:nT 1 1 1 I I IJSI é 0T

\J

where n is an integer and T is called the sampling interval.

Such systems are called discrete-time (DT) systems. A




ALTI systems are described by, not differential, \
but difference equations. A general form of order n is

Y(n) + d, Y(n'l) oot dy_q Y(D'N+1) T dy Y(D'N)
=b, x(n) + b, x(n-1)+ ...+ by x(n-N)
or

y() =X bx(n- k)~ Y ay(n- k)

Note that the input and output are defined only at discrete values
of time, i.e. nT and x(n), n=0,1, ... are the input sequences, y(n),
n=0,1,.. are the output sequences.

Let “q” denote the shift operator that advances the sequence by
{etime interval; q x(n) = x(n+1) J
21




Kmﬂaﬂy, the inverse of q is the unit delay operator, i.e. \

q* x(n) = x(n-1)
With this operator, the general difference equation becomes,

(1+a, ' +...+ay q™) y(n) = (b, + b, ¢ +...+by q™) x(n)
Multiplying both sides by q~, we get
(q" +a,q"" +...+ay ) y(n) = (b,g"™ +b, ™" +...by) x(n)

Hence, the linear DT system function is defined as

L(q) N(q) qN -l-bqu-1 +“°+bN
D(q) q" +aq"!+..+an
22




Example: We can develop a model of a savings account that pays compoun
interest daily. Let the original amount be denoted by p, and the rate of interest

by r percent per annum. At the end if the 1st day, amount of one day interest is

Xp(0
365 X100 P(0)

where p(0)=p, (i.e. initial day amount). So the following days we have,

. r
p@) =p(0) + 365 %100 Xp(0) p(2) =p@) + 365 5100 Xp()
P(3) =p(2 )+365 00 P e p(n+1) = 36500]19( n)

The last general expression gives us the 1st order linear time invariant
(LTTI) discrete-time (DT) model where the period T is equal to a day.

23




@mple: Consider,

3y(n)+4y(n-1)+7y(n-2) = 2x(n)+5x(n-1)
We introduce the g-operator as

(3+4q™ +7q7) y(n) = (2+5q™ ) x(n)

Multiply both sides by g2, we obtain

(3q* +4q+7) y(n) = (2q° +5q) x(n)
or

D(q) y(n) = N(q) x(n)

Hence, the system function is
N 2% +5
L(q) = (@) _ 9+
D(q) 3qg° +4q+7




Example
System Description

y(t) =x*(t)+4
y(t) =tx(t)
dy (1)

+ty(t) =x(t
" ty(t) =x(t)
dy(t) 2

+ t) =x(t
a Yo () =x(t)
d’y dy

+—+3y =
dt*> dt y =X
2
d 3/+d—y+3y =x +2x°
dt dt
d’y . dy

+y—+3y =Xx
a>  Lae Y

y(k)+2y(k-1)-3y(k- 2) =2x(k) +x(k- 1)
y(k)+2y(k-1)- 3y(k - 2) =2x(k) + x(k +1)
y(k) =kx(k) + k2x(k - 1)
y(k) =2x(k) +3x(k - DJ

S/D L/NL_TI/TV_CT/DT Order

25




Solution of Linear Differential Equation
With operator notation,

D(p) y(t) = N(p) x(t)

where D(p) is a polynomial of degree n with coefficient of p" equal to 1.
Such polynomials are called monic polynomial. For a unique solution we
need n initial conditions (ic), i.e. the values of y and its first n-1 derivatives
at t=0.
The complete solution y(t) consists of two parts; complementary function
and particular integral:
(i) Complementary function; is the solution to the homogeneous eq. (HE)
i.e. no input, x(t)=0. This solution is also known as the
natural (free) or zero-input response of the system, denoted by y (t).

(ii) Particular integral; is the component of the solution due to the forcing
function x(t) and is independent of the initial conditions. It is also called
forced or zero-state response of the system, denoted by y (t).

y() = yt) +y, (1)

26




Determining the complementary function
Homogeneous differential eq.: D(p) y(t) =0

The characteristic eq (CE): D(p)=a,p" +a,_,p" +...+a, p+a,=0
where the n roots r, are called natural modes.
The complementary function will have the form,

yc(t) = Al yl(t) T A2 y2(t) Tt An YH(t)

where A. are constants depending on the ic as well as the particular integral
and y,(t) are exponential functions of the form:

(i) For each distinct real root, r,, the function y,(t) is e"

(ii) For each pair of complex conjugate roots a+jb, the functions are of the
form e® cosbt and e sinbt.
(iii) For each real root with multiplicity m, the functions are e", te", .., t™le"
(iv) For atjb with multiplicity m, the functions are e cosbt, e sinbt,
te cosbt, te® sinbt, ..., t™'e cosbt, t™'e sinbt.

27




@mples \

2
4°Y 4379 450y =0
e de? . dt

=> D(p) =p*+8p>+37p+50=0 => roots: -2, -3j4

= y(t) =A, e*+A, e’ cosdt + A, e sindt

2
®) 4V 1109 425y =
a2 dt

= D(p) = p? +10p+25 = 0 => roots: -5, -5 J
(M =A. e+ A te™

28




ﬂtermining the particular integral \
Non-homogeneous eq. (NHE): D(p) y,(t) = N(p) x(t)

where y (1) is the particular integral satisfying NHE and
often called the forced response of the system.

For the special type of input x(t) = A e*, y (t) is obtained as

NG|y NS
5O =5 D(s)

where s is real or complex quantity.

Note that this method does not apply to all input functions. If x(t)
is a sinusoid => x(t)=Acoswt=Re[Ae*'], x(t)=Asinwt=Im[Ae*!]
where s=jw.

The more general type of input; x(t) = A e* cosbt = Re[Ae®!]
where s=a+jb.
29




Examples

(a) 3 2
9V 189 4379 450y =40
e’ de dt

=> (p’ +8p* +37p+50) y(t) = 4e™*
The particular integral is obtained as

1

— X4e ' =-0.25¢
p”+8p° +37p+50

y, (@) =

‘P=-3

(b) We repeat with x(t) = 4 cos3t
=> (p3 +8p? +37p+50) y(t)=4cos3t=Re[4e], where s=]3

4e*
p’ +8p° +37p +50

22
=- ——os3t +

1885 1885

4(cos 3t + jsin 3t)
- 22+ j84

y, () =Re o=j3 = sin 3t

30




@ complete solution: y(t) =y (t) + y, (1) \
Example

4y g4 Y 437 450y =4e®
e’ dt dt

Hence, the complete solution is

y(0) = y(O)+y,(0) = Ae? +A,e™ cosdt+A e sindt - 0.25 e

where A, A,, A, are to be evaluated to satisty ic.

Lety(0)=1, y’(0)=2, y?(0)=1
From the complete solution we have at t=0;
y(O)=A,+A, -025=1
y’(0)=-2A,-3A,+4A,+0.75=2
y’(0)=-4A,-7A,-24A,-225=1




@ that if \

y(t) = Ae* cosbt => y’(t) = A ae® cosbt — A be* sinbt
and if
y(t) = Ae*sinbt => y’(t) = A ae® sinbt + A be® cosbt

A more direct approach for obtaining the complete solution
is provided by the Laplace transforms.

N W,




Solution of Linear Difference Equations

A linear difference equation of order N is
y(n) +a,y(n-1) +...+a_, y(n-N+1) + a, y(n-N) = b, x(n) + b, x(n-1)+ ...+ by x(n-N)

=y =Xbxn-k)- Yayn- k)

where the n-th sample of the output is expressed as a linear combination
of the present and N past values of the input as well as the N past values
of the output. This approach gives a simple “brute force” solution.

A closed-form solution can be obtained using the similar steps to that of
the continuous case. The operator notation yields,

(I+a,q* +...+ay ¢%) y(n) = (b, + b, g™ +...+by ™) x(n)

where g is the unit advance (shift) operator.
The complete solution is made of two parts; one is the y_(n) complementary

part, the other particular solution yp(n) ;

y(n) =y/(n) +y,(n) 33




@ complementary solution \
Consider the HE with the characteristic polynomial as

D(@)=q"+a, g™ +...+ay, q+ay =0

where r is any root of D(q). By direct substitution it can be
verified that the sequence

y(n)=Ar

is a solution of the HE where A is a constant.
For all distinct roots, the complementary solution is of the form,

\ y.(n) :Z_'Akyk (n) :Z_'Akrkn J




Steps
(i) Calculate the N roots of D(q), r,, k=1, 2, ..,N

(ii) For each distinct real root, the sequence y,(n) is r,"

(iii) For each pair of complex conjugate roots, atjb, the sequences
are of the form (axjb)".
Note that instead of rectangular notation, one may use polar

notation as

(a+ jb) =Va’ +b24tan'1é =r/¢ =re’” =rcos¢+ jrsing
a

Thus, the two sequences corresponding to the pair of complex
conjugate roots may also be written as r' cosi¢ and r' sinig,
obtained from

" @) =" cosn@ +j " sinn@
35




(iv) For each multiple real root, r, of multiplicity m, the
sequences are r", n r*, n?r", ..., n@Y

(v) For each pair of complex conjugate roots axjb of multiplicity
m, the sequences are

(axjb)*, n (axjb)?, n? (axjb)y, ..., n®™D (axjb)".
In the polar form, r e%®, the sequences are
" cosng, " sinn@; Nr* cosng, nr' sinn@; n? r" cosng, n? r" sinng; ...;

n@™@-b " cosng, n™Y 1" sinng.

36




@mples: Consider HE, \
(a) y(n) — 8 y(n-1) + 37 y(n-2) — 50 y(n-3) = 0

=> D(qQ=q¢*-8@¢+37q-50=0
=> roots: r; = 2, r,, =3 4j4 =5 e10.93
The complementary solution is given by the following sequences

y.(n)=A, 2"+ A, 5" c0s0.93n + A, 5" sin0.93n
(b) y(n+3) -7 y(nt2) + 16 y(n+1) — 12 y(n) = 0

= D(Q=¢"-7¢°+16q-12=0
= roots:r, =2, r,=2,(m=2),r, =3

\The complementary solution is J
y(n)= A, 2"+ A, n2" + A, 3" ¢




@ particular solution \
The particular solution y (n) of the NHE (i.e. nonzero input)

depends on the forcing function and is also called the forced
response. Similar to the differential equations, the particular
solution can be determined for the special case of complex
exponential sequence.

Example
Consider NHE of Ex.(a) with the exponential sequence as,
y(n+3) — 8 y(n+2) + 37 y(n+1) — 50 y(n) = 8 (0.5)"

Form D(q) y(n) = N(q) x(n)
~(q°-8q*+37q->50) y(n) =8 (0.5)"

Similar to the continuous case, the particular solution is
adily obtained for the given exponential sequence as 38




105 >8(05)" = 80.2) & 3y

N(q) _ _.
0.125- (8 X025) + (37 X0.5)- 50 267

D(q)

y,(n) =[

The complete solution
y(m) =y(n) +y,(n)

The unknown constants in the complete solution are determined
in such a way that all of the boundary conditions are satisfied.

In an initial value problem, N number of initial conditions
for a N-th order difference equation must be given.

39




@mple \
Consider the previous example with the boundary conditions

given as y(0) =2, y(1) =3, y(2) =5.
The complete solution is found as

y(n) = A, 2"+ A, 5" c0s0.93n + A, 5" sin0.93n — (64/267) (0.5)"

y(0)= A, + A, — 64/267 = 2
y(1) = 2A, + 5A, c0s0.93 + 5A, sin0.93 — (32/267) = 3
y(2) = 4A, + 25A, c0s1.85 + 25A, sin1.85 — (16/267) = 5

=A,=2.1886, A,=0.05108, A,=-0.35666

For the solution of difference equation, there is also a direct
approach using the z-transforms which will be presented in (

t qno]




@ility \

Stability is directly related to the usefulness of the system
response. A system is said to be stable if the output remains
bounded for all bounded inputs.

CT: The natural response of a LTI CT system will remain
bounded <> all the roots of D(p) satisty the following;

(i) The real parts of all simple roots must be <0

(ii) The real parts of all multiple roots must be <0

DT': The natural response of a LTI DT system will remain
bounded < all the roots of D(q) satisfy the following;

(i) The magnitude of all simple roots must be < 1
@he magnitude of all multiple roots must be < 1 J
41




For the stability of the complete response in the general
bounded-input-bounded-output (BIBO) sense;
(a) A LTI CT system is
(i) stable in the BIBO sense if all the roots of D(p) have
negative real parts,
(ii) unstable if the real part of any root >0
(b) A LTI DT system is
(i) stable in the BIBO sense if all the roots of D(q)
have magnitudes less than one,
(ii) unstable if the magnitude of any root > 1

Note that we have excluded simple roots of D(p) with zero real parts in (a) and
simple roots of D(q) with magnitude equal to one in (b). The reason is that a
bounded natural response does not necessarily imply stability. e.g. simple
roots of D(p) with zero real parts will cause a bounded sinusoid in the
natural response, but the particular solution will grow out of bounds if the
input function is a sinusoid of the same frequency.

42




@mple \

Consider
y’(t) +4y(t) =x(t) => D(p) =p*+4=0 =>p,, = %2
The complementary function is

y (t) = A cos2t + B sin2t (a bounded signal)

For the input x(t)=2cos2t, the particular integral is

y,(t) = 0.5 t sin2t

wich will be unbounded although the input itself is boundy
43
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