Chapter IX
Laplace Transform
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= The Laplace transform of a general signal x(t):
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= | aplace Transform & Fourier Transform:
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= Region of Convergence (ROC):
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= Example 9.3: Refs] 52 Relils
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=  Fourier transform!
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= Example 9.4: () < ——, Refs} > —Re{a}

2(t) = e 2 u(t) + ¢ *(cos(3t))u(t) Re{s} > —2
Re{s} > —1
ot L 4 i3 —j3t
= [E + ot (Eﬁj + e’ )] u(t)
e %tu(t) < £ ; 1 j Re{s} > —2
s+ 2
—(=30)t, 1) < 1
= u(t) ,  Re{s}>-1
L s+ (1 —3j) ts}
e (13t ) L, L Refs}> -1
s+ (14 35)
1 1 1 1 262455412

X(s) = -
W=t ira-a it atan] T @ramnoem



= Example 9.4: Re{s} > -2 TRe{s}> -1
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= Example 9.5: fm §(t)e *tdt = 1
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Properties of ROC:

1. The ROC of X(s) consists of strips
parallel to the jw-axis Iin the s-plane

2. For rational Laplace transforms,
the ROC does not contain any poles

s-plane

2(s+1.25-2.115)(s+1.254+2.115)

|
|
I
-2 i Rl (s+1-35)(s+1+35)(s+2)
I
I
|

{o)



= Properties of ROC:

3. If x(t) 1s of finite duration & Is absolutely integrable,
then the ROC is the entire s-plane
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= Properties of ROC: z
4. If x(t) is right-sided, and °
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= Properties of ROC:
0. If x(t) is left-sided, and
If the line Re{s} = G, Is in the ROC,
then all values of s for which Re{s} < g,
will also be in the ROC
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The argument is the similar to that for Property 4.



= Properties of ROC:

6. If x(t) Is two-sided, and

If the line Re{s} = 5, Is In the ROC,

then the ROC will consist of a strip in the s-plane

that includes the line Re{s} = o,
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= Example 9.7:
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= Properties of ROC:

7. If the Laplace transform X(s) of x(t) is rational,
then its ROC Is bounded by poles or extends to .

In addition, no poles of X(s) are contained in ROC
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= Properties of ROC:

8. If the Laplace transform X(s) of x(t) is rational

If X(t) I1s right-sided, the ROC is the region

In the s-plane to the right of the rightmost pole
If X(t) I1s left-sided, the ROC is the region

In the s-plane to the left of the leftmost pole
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= The Inverse Laplace Transform:

« By the use of contour integration
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= The Inverse Laplace Transform:

« By the technique of partial fraction expansion
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= Example 9.9:
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= Examples 9.9, 9.10, 9.11:
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= First-Order Systems:
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= Second-Order Systems:
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= Pole Locations:
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= Relative Bandwidth B:
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Frequency Response:
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= The Nth-Order Systems:
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= The Laplace Transform

= The Region of Convergence for Laplace
Transforms
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Section Property
9.5.1 Linearity
9.5.2 Time Shifting
9.5.3 Shifting in the s-Domain
9.5.4 Time Scaling
9.5.5 Conjugation
9.5.6 Convolution
9.5.7 Differentiation in the Time Domain
9.5.8 Differentiation in the s-Domain
9.5.9 Integration in the Time Domain

9.5.10

Initial- and Final-Value Theorems




= | inearity of the Laplace Transform:
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= Time Shifting: X(5) = / “’“ z(t)e~"tdt
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= Shifting in the s-Domain: X(s) = /W x(t)e 'dt
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= Time Scaling: z(t) <= X(s), ROC =R
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= Conjugation: X0 = [ attre
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= Convolution Property: X(s) =/Tm z(t)e="tdt
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= Differentiation in the Time & s-Domain:
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= |ntegration in the Time Domain:
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= The Initial-Value Theorem:

If 2(t) =0 fort <0 = z(0T) = lim sX(s)

5— 00

= The Final-Value Theorem:
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TABLE 9.1 PROPERTIES OF THE LAPLACE TRANSFORM
Laplace
Section Property Signal Transform ROC
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TABLE 2.2 LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS
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= The Laplace Transform

= The Region of Convergence for Laplace
Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
* Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTl Systems Using
the Laplace Transform

= System Function Algebra and Block Diagram
Representations

= The Unilateral Laplace Transform



= Analysis & Characterization of LTl Systems:

H(s) = L{h(1)}

X(s) —b-—b Y (s) = H(s)X (s)

H(s) : system function

or transfer function

- Causality

- Stability



» Causality:

« Fora causal LTI system,
h(t) =0 fort <0, and thusisright sided

« The ROC associated with the system function
for a causal system is a right-half plane A

+ For a system with a rational system function,
causality of the system Is equivalent to
the ROC being

the right-half plane to the right of the rightmost pole




= Examples 9.17, 9.18, 9.19:

c 1

h(t) = e 'u(t) —— H(s) = oy —1 < Re{s}
h(t) = e It A H(s) = 2 —1 < Re{s} < +1
§2—1’

h(t) = ety (t + 1) —— H(s) = - j_ o —1< Re{s}

H(s): rational H(s): rational H(s): not rational

h(t) :  causal h(t) : not causal h(t) :  not causal
ROC ©  right-sided ROC ©  not right-sided ROC :  right-sided



= Anti-causality:

« For a anti-causal LTI system,
h(t)y=0fort> 0, and thus is left sided

« The ROC associated with the system function
for a anti-causal system is a left-half plane

+ For a system with a rational system function,
anti-causality of the system is equivalent to
the ROC being

the left-half plane to the left of the leftmost pole



= Stability:

« An LTI system is stable
If and only If
the ROC of its system function H(s) includes
the entire jw-axis [i.e., Re{s} = 0]



= Example 9.20:
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= Stability:

« A causal system with rational system function H(s)
Is stable
if and only if
all of the poles of H(s) lie in the left-half of s-plane,
I.e., all of the poles have negative real parts

&




» Examples 9.17, 9.21:

i
h(t) = e 'u(t) «— H(s) = , —1 < Re{s}
s+ 1
ot C 1 :
h(t) = e u(t) «—— H(s) = — 2 < Re{s}
h(t) : causal h(t) : causal
H(s) . stable, rational H(s): unstable, rational
9
s-plane
¥ X
-1 2 e




= LT] Systems by Linear Constant-Coef Differential Equations:

dVy(t) dN=1y(t) dy(t)

ON— N TON-1—x_T T T o + agy(t)

dM (1) dM—1y(t) dm(t)
= bf\ffw + bar—1 M —1 + .4+ b

+ box ()

N dky(t) dka(t)

A
Z K gk Zh"" datk




N k. M A

d"y(t) d¥z(t)
Z rrkl:{ qk } — Z bkﬁ{ oy
k=0 k=0

M
Y apsY (s) = 3 bsfX(s)
k=0

k=0
N M
Y(s) | D aps®| = X(s) | D brs”
k=0 k=0
M Zeros
b,.sk
g D b M
= H(s) = ) — k=0 _ bys™ + -+ b1s+ bg
X(S) iaﬂsk {li\rSN—l—..._FalS_FaO
= poles



= Example 9.23:

d:‘ﬁ) F 3y(t) = x(t) H(s)
Y (s
= 8Y (s) +3Y(s) = X(s) H(s) = XE:;
= (s+3)Y(s) = X(s) = H(s) = s—|1—3
e If causal, = R{s} > —3, = h(t) = e >u(t)
e If anti-causal, = R{s} < -3, = h(t) = —e tu(-t)



= Example 9.24:

1"

d?y(t) dy(t)
LC—5= + o v = =)
_ (zc) _ (&)
T AV T ST (L) T Gooeob

o If R, L,C >0,

= TRe{a},Re{b} <0

i.e., poles with negative real parts

yi(t)



= Example 9.25: ?

x(t) = e tu(t) I y(t) = [e_" — e_zf’] w(t)

1 1
X — R efs — - s
(s) T3 I<Rels) Y (s) CTDGT 1<Re{s)
Y () s+ 3 s+ 3
H = — —
= HG) = 3 T Gx DG+ 24 35+ 2

ROC: —1 < Re{s}

= casual, stable

d2y(t) dy(t) _dx(t) y(07) =0
742 + 3 e + 2y(t) = S + 3 z(t) { +(0-) = 0




= Butterworth Lowpass Filters:

h(t)

X(S) Y(S) HE(JQ)‘ 1+ (%)21‘5

H(s)

| )l

0 Q



= An Nth-Order Lowpass Butterworth Filters:

1

BUWI = T Gujjwe?™

e If impulse response is real, = B (jw) = B(—jw)

|B(jw)|* = B(jw)B*(jw) = B(jw)B(—jw)
1
1+ (jw/j'wc)QN

= B(jw) B(—jw) =

1

7 BB =T e at 5= (<)Y ()

we

|$p]
) { g = BN g = o= veod (i [))

2N 2



An Nth-Order Lowpass Butterworth Filters:

1
B(s) B(—s) = : Sp = We ©XP (j [W(?k—l—l}_l_?r])
1+ (S/JWC)ZN pnm 2N 2
N=1 N=2
’fﬂ_hh\a \x..---..x:f g
*; ;.c rj \ ';
‘\ f'f Ve (e 1\ _fu MHe
\4...__‘__'1" /HH___..-R\
dm g
N=3 N =6




= An Nth-Order Lowpass Butterworth Filters:

e Both s = s, and s = —s,, are poles of B(s)B(—s)

e If the system is stable & causal
= poles of H(s) are in the left-hand plane

I
MN=1
-’..-'-'jmc
F
!
I
—m:{ Me
A\
\‘-‘_
g
B(s)
s+ we
W
B(—3) =
ket 8+ we
dy(t)

+ wey(t) = we x(t)

dt

drm dm
N=2 N=3
x.--"" j@g ; ¥~ joe
; ’
d I
(]
' *
_mﬂx {nf — Wy, 1,1 fﬂe
)'.‘._ \K
2 3
W w
Als) = £ B(s) = £
52 + V2wes + w? () 53 + 2wes? + 2wis + w3
w2 w3

B(—s) =

T 22—\ 2us + 'u:,? B(-s) =

—s3 4 Eu'c.sz—ﬂwgs -+ wg

2
d_{ggf_) + V2w -"I_ﬂg) + wg y(t) = w? x(t)



= An Nth-Order Lowpass Butterworth Filters:

2 a3
) We B(s) = W B(s) — e
B(e) 8 =+ we (3) §2 + v 2wes + w2 (5) 33 4 2wes2 + 2w§ + w?
dy (¢ 2
!;{L ) + we y(t) = wea(t) %gﬂ + V2we d.ﬂ;‘i‘*) + w2 y(t) = w? z(t)

B
_Wr '
: | . +
ﬁCD '} c == X[t C == yit)

dve(t) , 1 . _ 1 d?y(t dy(t
> +Rcfc(4’-)—RC”s{*} L di-(?) + RC % +  y(t)

z(t)



= Chebyshev Filters:

h(t)
A e G| =
X (s) Y(s) ’ 1+ 2V (3)
H(s)
Vo(z) = 1
Vi (x) = cos (N cos™! .-1:) Vilz) = =
Nth-order Chebyshev polynomial Vo(z) = 2z2-1

|1 .(j0)




= Elliptic Filters:

h(t)
z(t) y(t) \2 )
—- —- H{,(jﬂ) — :
X (s) Y (s) 1+ €2U%(2)
H(s)
Un(x) . Jacabian elliptic function
|, ()]




= The Laplace Transform

= The Region of Convergence for Laplace
Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
* Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTI Systems Using
the Laplace Transform

= System Function Algebra and Block Diagram
Representations

= The Unilateral Laplace Transform



= System Function Blocks:

e parallel interconnection

(1

h(t)
Hq(s)

ho(t)
Hx(s)

1_ )
i)

(@)

e Series interconnection

X (L) ]

hy(t)
Hy (s}

ha(t)
Ho(sl

e 4 (1)

h(t) = h1(t)+ha(t)

H(s) = H1(s)+H2(s)

h(t) = h1(t)xh»(t)

H(s) = Hy(s) Hz(s)



= System Function Blocks:

e feedback interconnection

+ e(t)

hy(t)
H,(s) - > y(1)

x(t)

Ha(s)
Y =H E
Z=H>Y
EFE=X-Z2
H(s) = H1(s)

14+Hy(s)H2(s)



= Example 9.28:

« Consider a causal LTI system with system function

TS V() = o X(s) = Sy + 3y(t) = a(t)

H(S):SJF?* s+3 dt’

= Sy(t) = 2(t) - 3(1)




= Example 9.29:

« Consider a causal LTI system with system function
s+ 2 1
H (: = |——] (. .
(8) =T33 (5-|-3)(q+ )
1
43

I

1>

= Z(s)

X(3) & Y(s) = (s+2)Z(s)

A

- + - =




= Example 9.30:

« Consider a causal LTI system with system function

1 1
(s+1)(s+2) s24+3s+2

= 2V +3sY +2Y = X

H(s) =

F = s8Y 5
. = F=38Y =-3F-2Y 4+ X
E = sF = s2Y




= Example 9.30:
1

Hin) =

G1a2) (SL)(siz

(k) O

=1

: 10

L =

~ &

- -I——E:

(k)

-
|\I/| il
et
-




= Example 9.31:

- 2g2 4+ 45 — 6 _ 1 P, :
e 52+ 3s+ 2 B (52+33+2)(2” L
o - _ 2 .
= Rk} = 2T 2}((5) & Y(s) = (2s°+4s—6)7Z(s)
T T

d
Sy Ny I}




([ 25%4-45—6

5243542 é?j ECI; &
1)\ (s e :
H(S) _— (2&:—%))( ? MY Ty | 1 = 1 |
CENr I R
\ 2+ s+2 +
B 3 [t

— )




= The Laplace Transform

= The Region of Convergence for Laplace
Transforms

= The Inverse Laplace Transform

= Geometric Evaluation of the Fourier Transform
= Properties of the Laplace Transform

= Some Laplace Transform Pairs

= Analysis & Characterization of LTl Systems Using
the Laplace Transform

= System Function Algebra and Block Diagram
Representations

= The Unilateral Laplace Transform



» The Unilateral Laplace Transform of x(t):

bilateral LT unilateral LT
for causal system &

with nonzero init. cond.

X(S) é /;D;E(t)e_ﬁdt X(s) é ];}_{}m(t)g_”‘fdt

(1) <55 X(s) 2(t) —— X(s)
X(s) = £{x(t)} X(s) =UL{z(t)}
a(t) = L7HX ()} x(t) = UL H{x(s)}

ROC : a right-half plane



z1(t) =x25(t) =0
¢ 0

TABLE 9.3 PROPERTIES OF THE UNILATERAL LAPLACE TRANSFORM

sX(s) —xz(07)

Properiy Siznal Unilateral Laplace Transtorm
i i)
xilr) &0y
x0r) Lalsh
Linearity anit) bl | a4 Bl
Shifting in the s-demain e a(7) Dis — 5]
) } 1 1]
Time scaling xeth, a=0 - (—)
a
Conjugation x#{H) x#[8)
Convelution (assuming 20 * xa(r) S s)
that =08 and x:4r)
are identically zero for
=
Differentiation in the Gime %x[r} $04Ey = 207
domain
; L d
Differentiation in the —1xl8) = i
s-tlomain :
Integraticn in the fime J xfridr %a:m
-

dlomain

Initial- and Final-Value Theorems

If x{f} containg no impulses or higher-order singularities at ¢ = 0, then

MOT) = EL;E FHATS

!1_1_11 o) = !-‘_'_ﬂ',-"&["‘)



= Differentiation Property:

uc

{dm(t)

d2z(t)
dit?

1=

o d%(t)
dt?

} /“"’" dx(t) o=t dt

-8t dt

x(t)e * " + 9[ x(t)e Stdt

sX(s) — x(07)

s°X(s) — sz(07) — 2/(07)



= Example 9.38:

y(07) =45
y'(07) =~
z(t) = au(t)

d2y(t) dv(f)
dt? + 3 dt

+ 2y(t) = x(¢) {

= [s2(s) = Bs = 1|43 [s¥(s) - B +2 [¥(5)] = &
L B(s+3) Y -
> YE) = DG+ TG+ D6 +2) TG+ D+ 2)
\ J \ /
Y Y

zero-input response zero-state response



= Example 9.38:

'IIfCEZE*r ﬁ:S_ ’}r:—5

11 3
= V) = g_s-l—1+s+22
= y(t) = [1-e'+3c ] ut), fort>0



* The Laplace Transform

= The ROC for LT

* The Inverse LT

» Geometric Evaluation of the FT
* Properties of the LT

+ Linearity Time Shifting Shifting in the s-Domain

+ Time Scaling Conjugation Convolution

« Differentiation in the Time Domain Differentiation in the s-Domain

+ Integration in the Time Domain Initial- and Final-Value Theorems

»Some LT Pairs
= Analysis & Charac. of LTl Systems Using the LT

= System Function Algebra, Block Diagram Repre.
* The Unilateral LT



Introduction (Chap 1) LTI & Convolution  [Chap 2)

Bounded/Convergent

Periodic b Aperiodic

-CT —CT (Chap4)
FS -

or | FT

(Chap 3) y — DT (Chap5)

Time-Frequency (Chap 6) Communication (chap 8)
CT-DT (Chap 7) Control (Chap 11)
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