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» The z-Transform of a General Signal x[n]:
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= Example 10.1:  z[n] = a"u[n]
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= Example 10.2:  z[n] = —a™u[—n — 1]
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Region of Convergence (ROC):
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= Example 10.3:
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= Example 10.3:
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= Example 10.4:
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= Properties of ROC:

1. The ROC of X(z) consists of a ring in the z-plane
centered about the origin

2. The ROC does not contain any poles

., z-plane

z(z:—%) s 1
C-De-D’ >

dm

4]



= Properties of ROC: &

3. If x[n] is of finite duration,
then the ROC is the entire z-plane,
except possibly z = 0 and/or z = ~
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= Properties of ROC:

4. 1f x[n] is right-sided sequence, and
If the circle |z| =, Is In the ROC,

then all finite values of z z[n]
for which |z| > 1y

will also be in the ROC Ny
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= Properties of ROC:

o. If x[n] Is left-sided sequence, and
If the circle |z| =1, Is Iin the ROC,
then all values of z for which 0 < |z| <,
will also be in the ROC




eomesarvos, I

If the circle |z| = r, Is In the ROC,
then the ROC will consist of a ring
In the z-plane that includes the circle |z| =,
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= Example 10.7: —
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= Properties of ROC:

7. If the z-transform X(z) of x[n] Is rational,
then its ROC is bounded by poles or extends to ~«
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= Properties of ROC:

8. If the z-transform X(z) of x[n] Is rational

— If x[n] Is right sided,
then the ROC Is the region in the z-plane

outside the outermost pole ---
..e. outside the circle of radius equal to

the largest magnitude of the poles of X(z)

oo

— Furthermore, if X[n] Is causal, X(z) = Y zn]z
then the ROC also includes z = ~« =T
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= Properties of ROC:

9. If the z-transform X(z) of x[n] Is rational and

If X[n] Is left sided,

then the ROC is the region in the z-plane
Inside the innermost pole ---

|.e. Inside the circle of radius equal to
the smallest magnitude of the poles of X(z)
otherthananyatz =0
and extending inward and possibly including z = 0
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= Example 10.8:
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= The Inverse z-Transform: X(z) = Jrf z[n]z~"
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« By the use of contour integration
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= The Inverse z-Transform:

« By the technique of partial fraction expansion
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= Example 10.9:
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= Examples 10.9, 10.10, 10.11:
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» First-Order Systems:
h[n] = a"u[n]
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= Second-Order Systems:
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Section Property
10.5.1 Linearity
10.5.2 Time Shifting
10.5.3 Shifting in the z-Domain
10.5.4 Time Reversal
10.5.5 Time Expansion
10.5.6 Conjugation
10.5.7 Convolution
10.5.7 First Difference
10.5.7 Accumulation
10.5.8 Differentiation in the z-Domain

10.5.9

Initial-Value Theorems
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= Linearity of the z-Transform: X(2) = }_ z[n]z™"
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= Time Shifting: X(z) = _Z_: z[n]z~"
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= Scaling in the z-Domain: 2 EHmE
1 g
eln] +2+ X(z), ROC=R sl = 5= § X
EE:L'[TL] ; X (i)’ ROC = |EU|R
<0
e?“0"g[n] I,

dm

Linit circle

X

[&) b}




+oc

; X(z) = w[n]=""
= Time Reversal: (2) ﬂ:z_lm‘[”]

1 n—1
2ln] «— X(z), ROC=R bl = 5§ X

Z 1 1
— S X|—), ROC= —
zl=n] ( ) R

4



= Time Expansion: X(z :,I:E_m"’['”’]:‘
Z
z[n] «— X(z), ROC=R x[n] = %jfx(z)z“ ‘dz
| z[n/K], fn=Fk -m k _is a const._ant |



=00

" CanugatiGn: X(z) = =Z_ z[n]z™"

- x[n) = %fl’(s)z”‘ldz
z[n] <= X(z), ROC =R ’

+ = S
z*[n] «— X*(*), ROC =R

0o

X(z) — Z :'L‘[TL] 5

n=—o0



“+oc

= Convolution Property: X(z) = _Z__:r:[n]z‘”
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= Differentiation in the z-Domain:
z[n] «—» X(z), ROC =R
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TABLE 10.1 PROPERTIES OF THE z-TRANSFORRM
Section FProperty Signal z=Transform ROC
x[r] Xiz) "
nln Xz K
x=ln] Xa(2) R:
10.5.1 Linearity azx[n] + bxa[m] aX,(z) + bXz(z) At least the intersection of By and Ra
10.5.2 Time shifting x[m = mg] X R, except for the possible addifion or
deletion of the vnigin
10.5.3 Scaling in the z-domain &'l x[n) Xiefws gy R
nxlnl X lj J 2l
a“xml Xia'2) Scaled version of R (i.c., ol = the
set of points {la|z} for z in &)
10.5.4 Time reversal x[—n] Xz " Inverted R (ie, &' = the st of
points 27", where 7 is in R)
- afr), m=rk ; I ; 1k
10.5.5 Time expansion Tenln] = for some integer r Xz R"® {i.e., the set of points 7%, where
0, nerk o
Fisinf)
10.5.6 Conjugation x'[n] X*(z") R
10.5.7 Convolution xy ] * 2z [1] Xi(z)X(z) At least the Interseciion of B, and R,
10.5.7 Firsat differcnce x[n] — x[n — 1] (1 — "Xz} At least the intersection of R and
|zl =@
10.5.7 Ageumulation P 11| l—-—]T_—IX{z} At least the intersection of R and
i |zl = 1
d
1058  Differentiation nxin] —z ‘;{;} R
in the z-domain
10.5.9 TInitial Value Thearem

If afn] = O for n = 0, then
0] = !i_:}l]f{z]-
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TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS

Signal Transform ROC
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= Analysis & Characterization of LTI Systems:

H(z) = Z{h[n]}

X (z) —h-—b Y(z) = H(z) X(2)

H(z) : system function

or transfer function

« Causality

 Stabllity



= Causality:

« Fora causal LTI system,
h[n]=0forn<0, and thus isright-sided

« ADT LTI systemis causal if and only if
the ROC of the system function H(z)
Is the exterior of a circle in the z-plane, including infinity

« A DT LTI system with a rational H(z) is causal if and only if
(a) ROC is exterior of a circle outside outermost pole;
and infinity must be in the ROC; and
(b) order of numerator <= order of denominator

szM +b2M 14 bas _ Y (2)

H(z) = 2 :
(2) 0t + a1V Tt tay XG)

yln+ N+ = z[ln+ M]+---




= Example 10.21:
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= [ROC: the exterior of a circle of outside the outermost pole

= the impulse response is right-sided
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= deg of num of H(z) = deg of den of H(z)

= the system is causal

= wlnl = [(5)" + 2] ubn = hln] =0,n <0



= Stability:

« An DT LTI system is stable
if and only if
the ROC of H(z) includes the unit circle [i.e., |z| = 1]

« A causal LTI system with rational H(z) is stable
If and only if
all of the poles of H(z) lie in the inside the unit circle,
I.e., all of the poles have magnitude < 1
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= Example 10.22:

1 1
H(z) = . (2| > 2

= ROC does not include the unit circle = NOT stable

1\ .
= j.e., hin] = K§> + 2”‘] uln] — oo, as n — oo

1\" |
o If ROC=1/2<|z| <2 = h[n] = (E) u[n] — 2"u[—n — 1]

= the system iIs NOT causal, but stable

1 TL
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= the system is neigher causal nor stable
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= Example 10.24:

H( = 1 o z2
o 1—(2rcosf)z—1+ r2z-2 22— (2rcos®)z + r2

= 21 =re 25 =re

If it is causal, |z| > |r|
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LInit circle LInit circle

Z-plana = [ z-plana
/- *
£ s
- R
r' )
I - 1
A
l !i |
"-\.‘\-' -

1
md" y

r < 1, stable r > 1, unstable



= | TI Systems by Linear Constant-Coef Difference Equations:

agy[n] + aryln =11 + -~ +an_1yln — N + 1] + ayyln — N]

= boz[n] + brzn—1] 4+ - + bpy_12[n — M 4+ 1] + byyz[n — M]

N M
Z apyln — k] = Z brr[n — k]
k=0 k=0

Y(z2)

Y(2) =X(z)H(2) H(z) = X(2)
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1 1
» Example 10.25:  yln] —5yln — 1] = zln] + Zzln - 1]
N = Y(2) —%z‘lY(z) = X(2) —I—%z_lX(z)
/’\ 1+l3—1 1 %3—1
» = H(z) = 3 = — + —
\/ 1_%3_1 1_%31 1_%31
24+ L N 1
=—1 =1t 731
2 2 2

o If ROC = {|z| > 1/2}, = h[n] is right-sided

1 1

= hn] = (E)nu[n] n %(5)”_3@?,’_ 1]

o If ROC = {|2[ <1/2}, = hln] is left-sided

= h[n] = — (%)nu[—n —1] — %(%)n_lu[—ﬂ.]
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= System Function Blocks:

X[n) c———h

—-

hslnl

X[1]) —

e parallel interconnection

Hy(2) h[n] = hq[n]+ha[n]
i}—»“"' H(z) = Hy(z)+H2(z)

A
p-| hale) e series interconnection
hin] = hq[n]xhs[n]
ey | 2 ey H(z) = Hy(2) Ha(z)
e feedback interconnection
eln Y — H E
| o ;

‘ Z=HyY
B= X=F

E;[[rf]? H(E) — H]_(,?:)

1+ H,(2z)Ho(2)



= Example 10.28:

« Consider a causal LTI system with system function

3§
H(z) =
&=
= yln] = ——aln] 1
n] = x[n swlnl — —uln - 11 = #In
Yy 1 %z—l = y|n] 4;;[:'1, 1] = z[n]

= yln] = %y[n — 1] + z[n]

] —---u-I| 19—7
Lzh—
=
_I’-“'

= w1} l

Al
wln] = y[n — 1] 4



= Example 10.29:
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[




Example 10.29:
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= Example 10.30:
1 1

Hir) = 1
(14 2,1?:—1)(1 —;:;‘1) 1+ 42:‘1 =2 2

1 1
= y[n] + Zy[ﬂ - 1] - g‘y[n - 2| =z|n]

1 1
= y[n] = —Z’y[ﬂ - 1]+ gy[ﬂ — 2] + z[n]

{ fln] = yln — 1]
=

e[ln] = fln — 1] = y[n - 2]

x[n] > yn]

O

wln (- ¥ln]

I‘\L
I T L 2
= ‘,i
(-] i p

ﬂm elri




= Example 10.30: H(z) =
p ( ) l_l_%z—l
1
%z—l) e ,t) ¥ :Q
% - k) :
(1—z21)

(=il

20
=[] T
w[n] =

ra|—

] [

flr] -

|

|

&[n|




= The z-Transform

= The Region of Convergence for z-Transforms
= The Inverse z-Transform

= Geometric Evaluation of the Fourier Transform
* Properties of the z-Transform

= Some Common z-Transform Pairs

= Analysis & Characterization of LTl Systems
Using the z-Transforms

= System Function Algebra and Block Diagram
Representations

= The Unilateral z-Transform



» The Unilateral z-Transform of x(t):

bilateral zT unilateral zT
for causal system &
with nonzero init. cond.

+oc +co
X(2) = > z[n]z™" X(z) 2 3 z[n]z"
n=-—o< n=~0
z[n] <i> X (z) z|n] S X (z)
X(z) = Z{z[n]} X(z) =UZ{z[n]}
z[n] = Z7H{X(2)} z[n] = UZ H{X(2)}

ROC : exterior of a circle



= Example 10.33: zln] = " lun +1]

o since z[-1] =1%#0, X(z2)# X(2)

ot

= bilateral transform : X(z) = . e 12| > |al
— az

= unilateral transform :  X(z)

“+oo
Z z[n]z™"
n=0
o0
— Z ﬂﬂ+lz—n
n=0

L
= —2 = >l




TABLE 10.3 PROFPERTIES OF THE UNILATERAL z-TRANSFORM

Property Signal Unilateral z-Transform
= K] X(z)
—— xpl#] Xiz)
o vl £L:(z)
Linearity ax[i] + bran] adi(2) + b2 1 .
. & Y ~ —11
Time delay x[n = 1] 2 19z + a[—1] yes rf("} > T[ 1]
Time advance X+ 1] zﬂf(:]_ — zx[0)] =¥ (z) . z:ﬂ{D]
Scaling in the z-domain gl v an] S e )
zgx[n] (2 z0)
a' xn] Lia'z)
Time expansion (] = I iml ok = e (%)
g LA n=mk foranym :
Conjugation a'[#] el
Convolution {assuming ¥ [n] = xa[n] (2 Xa( D)
that xy[n] and wa[i] = .
arc identically zero for] £1[n] = @2[n] =0, n <0 (1-2"DHx(z) — z[-1]
fo= 0 [
First difference z[n) = x[n— 1] I (1= — x[-1] I
: .58 1
Accumulation % x| k] T W
Differentiation in the naln] :dz:i”
Z-dommain &

Initial Value Theorem
1[0] = lim X{z)




* The z-Transform

* The ROC for z-T

* The Inverse z-T

» Geometric Evaluation of the FT
* Properties of the z-T

+  Linearity Time Shifting Shifting in the z-Domain
+ Time Reversal Time Expansion Conjugation

«  Convolution First Difference Accumulation

« Differentiation in the z-Domain Initial-Value Theorems

= Some Common z-T Pairs

= Analysis & Charac. of LTI Systems Using the z-T
= System Function Algebra, Block Diagram Repre.
* The Unilateral z-T



Introduction (Chap 1) LTI & Convolution  (Chap2)

Bounded/Convergent

Periodic B Aperiodic

-CT —CT (Chap4)
FS

ot | FT

(Chap 3) y — DT (Chap5)

Time-Frequency (Chap 6) Communication (Chap 8)
CT-DT (Chap 7) Control (Chap 11)
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