EEM322 : Lecture 2

MODELING Of SYSTEMS
MODELING IN FREQUENCY DOMAIN

*Transfer function
eLaplace transformation

eInverse Laplace transformation

Modeling

To study the behaviour of a system we must establish functional relationships
between different variables. These relationships are given by a set of mathematical
equations, called the mathematical model of the system.

Mathematical Model:

Mathematical model of a system is a tool used to study the behaviors of the system
without having to do the experiments. OR Mathematical model: relationships
between measurable physical quantities (distances, current, flows, unemployment,
etc.) in the system are described as mathematical Relations in the model.

The model-building process always involves approximations and simplifying
assumptions, valid for a particular set of operating conditions. This is because the
physical reality is always so complex that it is not possible to make a manageable
model taking into account all the aspects with all their details.

The key factors to be examined in developing a mathematical model for a system are
as follows:

*The structure

*The components and their inter-connections

*The parameters

*The variables

*The input and outputs

*The initial conditions
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Modelling and analysis of dunamic systems:

An accurate mathematical model that describes a system completely must be
Determined inorder to analyze dynamic system.

Dynamic system can be completely described by

*known differential equations or by

eexperimental test data

The ability to analyze the system and determine its performance depends on how
well the characteristics can be expressed mathematically.

Modelling similarities (Analogous systems)

The analysis technique, once developed for a second order system, would be
applicable to any second order system, irrespective of whether the system is electrical,
mechanical, thermal or hydraulic in nature. This general approach of developing an
analysis technique, based on the type of mathematical model of the system, is the key
factor which permits a common systems approach to be used for studying problems
from different branches of engineering and even non-engineering disciplines, like
biological systems, economic systems, management systems, etc.

Mathematical Model:

The mathematical model is a set of equations relating the different system variables.
This relationship is governed by the physical laws applicable to the particular system.
(example: Kirchhoffs laws.)

assume that the current through the coil and the voltage across the capacitor are zero, t = 0.
Applying Kirchhoff’s voltage law

PR

dt
There is another operating condition for which the above model does not provide
the correct response. This condition occurs when the switch S is opened after
remaining closed for some time. In this case the capacitor C will be in series with
Rand L. The circuit equation will be,

di i J L di di i

at i = | oA = =+ R— +—==0

Ldt+Rl+C idf—E.‘ d12 dt C

Assumptions: L is assumed to be independent of current i, that is, the inductance is
assumed to be linear.

The output variable V2 is related to the internal variable i by V2
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Automobile Suspension System:

The object of this system is to damp out vibrations and jerks produced in a vehicle
due to uneven road surface. The suspension system absorbs these jerks and
prevents them from being transmitted to the passengers, thus improving the
riding quality of the vehicle.

*The mass of the car body and passengers is represented by the mass M,
esuspension springs by the ideal spring with spring constant K,

eshock absorber by an ideal dash-pot with coefficient of viscous friction D.

Car body and
passengers

K D Shock absorber
E[_—_I {Bash pot)

- > Road surface

The system variables are: displacement x, velocity u and acceleration, a.
the input variable is the vertical displacement X1 (t) of the axle

due to undulations in the road surface.

The output variable is the vertical motion X2 (t) of the mass M. The mathematical
model should relate these input and output variables. £ x dx

M —5 + D

e dr+Kx:0'

Fiziksel Sistemler

Her birinin matematiksel davramgt biliniyqr olan ideal fizikselelemanlardan
olusan bir fizikselmodel ve onun toplam dyvranignin matematiksel Rarsilige

Trigonometnk, diferansiyel vs matematiksel

Matematiksel Model denRlemler (Zaman diizlemi)

Dogrusallastirma

Adi diferansiye{ denk lemler

L veya & doniis iimii

1. Modelleme Asamasi

Transfer Fonksiyonu Modeli |#oder arasnda

G(s)

(Karmasik veya frekans diizlemi)

donisiim vavlabilil

y

Durum Degiskeni
Modeli
() (t) durum gegis matrisi,

Durum ve ¢ikig denklemleri
(Zaman diizlems)

(Frekans veya karmasik diizlemde ¢6ziim)
Modelin bir test girisine yanwinin frekgns diizleminde bulunmast

Y(s) =G(s)*R(s)

'

Time domain and
frequency domain are
two ways of looking at
the same dynamic
system.

L 7 veya F' déniigiimii

(Zaman diizleminde iteratif ¢6ziim)

dX/dt=AX(t)+B u(t)
y=CX(t)+Du(t)

o

Coziim

1) Transfer functions in the frequency domain
2) State equations in the time domain
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Modelling in frequency domain

Transfer function describes relationship between two signals as a function of S
A frequency-domain transfer function is limitted to describing elements that
are linear and time invarient . The Laplace Transform is used in system theory to
simplify the problem of solving differential equations. (ODE's)

There are three steps in the solution process.

1. The Laplace transform is used to convert the differential equation into an
algebraic equation.

2. The algebraic equation is solved for the Laplace transform of the solution,
and the concept of partial fractions is used to separate the solution into its
elementary components.

3. Finally, the inverse Laplace transform is taken of each of the elementary

components to find the solution in the time domain.

COMPLEX FUNCTIONS

Complex variable. A complex number has a real part and an imaginary part, both
of which are constant. If the real part and/or imaginary part are variables, a complex
number is called a complex variable. In the Laplace transformation we use the notation
s as a complex variable; that is,

s=0+ jo Fs)=F, +jF, j= V=1 The magnitude of F(s) is VA Ff_ + Ff,

Laplace Transform: Use Laplace transformation - to obtain linear approximation
of physical systems. The Laplace Transform is used in system theory to simplify
the problem of solving differential equations.

LI/ 0]=F(s)=["f)e"di

Definition: Ratio of Laplace transformed
output C(s), divided by the Laplace
transformed input R(s) with assumed zero
initial conditions.

S=0+ jo

Example: Find the Laplace transform

LIS (0] =™t

Find the Laplace transform of f(7) = de “u(r)

Example: 1 -
=4—
S+a

e—(s—a)r

_____

0 - ~,
’ —(s+a)
= Ajle
0

-
i .

______ -

. _4_( 1 )_ 4
L[f(f)]:_[Ae’“’e’“dr “\st+a) sta
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fin )
Unit impulse 3(f) !
Unit step 1(¢) s
r 1
JE:
. 1
n=1273,... P
(n—1)! ( ) -
n!
" (ﬂ = 1,2, 3, . ) i
s
1
=t
¢ s+a
—al 1
te (s + a)2
1 pleat (n=12,3,..) !
(n —~ 1)' (S‘ + a)’l
n!
phee (n=1, 2,3,...) W
. w
10 sin wt s+ ot
5
i cos @t s+ o’
12 sinh s — o
s
13 cosh awt £ - o?
) B 1
1 o
" . ( ) s(s + a)
1 —at —bt :
e —e (s + a)(s + b)
s b_a( ) (s +a)s+b)
16 L (bet - ae) CTeTH
— (s + a)(s + b)
1 1 ;
— 11+ be™* — ge™
. ab[l (e ae )]
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1 1
18 —_— — pmal _ —al
g (1-e ate™ ) s_(s 2y
1 1
19 — (at — —ar —_—
pe (ar— 1 +e™™) 26 1 a)
20 —at o1 s L
¢ smae (s +a) + o
21 —at _sta
€™ cos wt G+af+a
o, ot w?
22 ——2 e i ginw, V1 — 2t Y
V1- g2 " 52+ 2Lw,s + o
1 _ .
-——1_—‘:28 fat gin (w, V1 — 21 — @) i
23 Vi@ s2 4 26,5 + ol
¢ =tan”' ———
£
L e V1 = 2
. 1- Vio e sin (o, V1 ~ 22t + ¢) o
6 = tan™ o s(s + 2tw,s + o)
e
2
@
25 - o
1 - cos wt 2+ oY)
3
. )
26 wt — sIn wt m
. 2e’
27 sin wt — wt cos wt m
28 L —
e S ot o7 +
§2— o?
29 - =
fcos wt T 0
30 _1— — 2 # 2 —._._...S___
ol — o (cos w,t — cos wyt) (w7 # w3) 2+ D) + @l
1 . 5
31 o (sin wt + wi cos wi) (52_'_—(”2)2
(s+2 s+ 1
C5)=8F2 gy DL 4 B 203
(s+5) (s+3) s s (s+5) \C(I)—E-F?E?

Example for inverse Laplace
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Obtain the inverse Laplace transform of  Inverse Laplace
S +57+095+7 s+3
_ETRERTT G =s 424
o) =T e+ D) ) G+ s + 2)

Note that the Laplace transform of the unit-impulse function d(¢) is 1 and that the Laplace trans-
form of dd(t)/dt is s. The third term on the right-hand side of this last equation is F(s) in Example

g0 =L o) + 200) + 26— e fori=0-

. . 2s +12
Find the inverse Laplace transform of F(s) = Timts

S+ +5=(+1+j2)+1-j2)

Noting that s2 + 2s + 5 = (s + 1)2 + 22 and referring to the Laplace transforms of e~ sin wf

and e~ cos wt, rewritten thus, ) - 2412 10426541
" VE@ T 15 (1P 2
Pl sinwt] = ———5——
(.S'+!1) + w _s 2 N s+1
s+a T 1242 TP 2

Lle™ cos wi] = m

2 s+1
— |2 | s+1
3 [(s+1)2+22]+25£ [(s+1)2+22]

= S5e "sin 2t + 2¢ ' cos 2t, fort=0

PROBLEM: Given the following differential dZy d

equation, solve for y(t) if all initial - +12 _}’ + 32y = 32u(;‘)

conditions are zero. Use the Laplace dr dt

Transform

SOLUTION: R [ . % -
$Y(s) +125Y (5) +32Y (s) = — K=traerel,,~ "

32 32 EY)

= = K - = —2
Y(s) s(s2+125+32) s(s+4)(s+8) PS8 |y
Yo =—2 K, K K | ©-%ra )
Ts(s+4)(s+8) s (s+4) (s+8) T
2 1

1
i e )

inverse Laplace transforms

—

y(t) = (1 =2e™¥ 4 e~ ¥yu(t)
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Find: a) the partial fraction expansion of X (s), and b) x(t) .

F6= (s+1)(is++23;(5+3) X(s)= ‘jll + .522 + 3%3
K, =[(s+DX(s)]_, = {ﬁ e
K, =[(s+2)X(s)]_, = {ﬁ T
K, =[(s+3)X(s)]_, = [% =—6

-

5=—3

xo-(Zil ) )
s+1 s+2 s+3

x(=—e " +T7eF -6

Ss+15
(s+2)(s* +35+9)

X(s)=

Find: a) the partial fraction expansion of X
(s), and b) x(t) .

As+ B

(K
‘X(‘S)_(,s'+2]+(sz+3

K=[(s+2)X(s)]_, = [

S+9]
S5s+15 } 5
sP+3s+9])_, 7

5s+15=K(s" +35+9)+ (4As+ B)(s +2)
=(K+A)s* +(2A4+B+3K)s+ (9K +2B)

A+K=0 (s2) 4=-3 B=3

24+ B+3K =5 (s) X(‘S'):%(S}JJ_%( 5’2:829}%(;2)_% (g.:;?ﬂ

OK +2B=15  (s°) § s+ %
x(f) =3 e ~3.055¢7 sin(2.59817 + ) |
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Partial-fraction expansion when F{(s) involves multiple poles.

sS4+ 2+ 3 b I3 b
=TS R =20 B e
A s+1 s+ 1) s+1

(s + 1)3413 z by(s + 1)F + by(s + 1) + b,

I | Y L P10
= [(S + 1y @} b, = [E |:(S b f(5:” b= 2! {dsz [(5‘ 1 A(S)]}s=l
5==1 [

A(s) d 1[d&
(@) [E (2 + 25 + 3)]5=1 =5 d—(s2 + 25 + 3)1__1
=2 2(2“2)3?' =%(2)=1

Ay = L7 F(s)]

1 T o 2
=$1L+1}+$1[(H1)2]+$ [(5-4-1)3]

=e'+0+ e
=(1+He’, fort=0

Example: Roots of the Denominator of F(s) Are Real and Repeated An example of
an F(s) with real and repeated roots in the denominator is 2

F)=—"—fb
(s+1){s+2)
Solution: 2 K K; K3
F(s) = = + +
) (s+1)(s+2)? (+1) (s42? (5+2)

then K1 = 2, which can be found as previously described

K2 can be isolated by multiplying by (S + 2)2, yieiding

(s+2)

+ Kz + (s +2)Ks

s+1 (+1)

Letting 5 approach - 2, K2 =-2. To find —2 5= ~(""_+E);:K1 + K3
K3 we see that if we differentiate with respect to s, (s+1)° (s+1)

K3 is isolated and can be found if we let 5 approach -2. Hence, K3, = —2.

ft)y =2e" —2te™ — 27
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The Transfer Function :
a general nth-order, linear, time-invariant differential equation,

d"e(r) ae(r) d"r(2) 4" (1)

T a1 ar g Tt bor)

+ b

+an-1 + -+ aoc(t) = bm

c(t) is the output, r(t) is the input

ans"C(8) + an_18"1C(s) + - - - + agC(s) + initial condition
terms involving c(r)
= bps"R(5) + bpy-15" "' R(s) + - - - + boR(s) + initial condition
terms involving r(t)

If we assume that all initial
conditions are zero, C(s)

—= =G(s)

— (bmsm + bm—]_sn'_l + et + bo)

R(s)

The transfer function can be represented as a block diagram

(a,,s" + a,,_.s"—1 R ao)

RS) [ (b4 bpys™ 4+ wby) | €O C(s) = R(s)G(s)
(a,s"+ an—l"-n-l + o +ag)

PROBLEM: Find the transfer function represented by;

d‘jT(rt) + 2¢(2) = r(1)

SOLUTION: Taking the Laplace transform of both sides, assuming zero initial
conditions, we have

Gy~ S8 _ 1

sC(s) 4+ 2C(s) = R(s) R(s) s+2

System Response from the Transfer Function:
If r(t) is a step function, find the system response R(t) = u(t),

Cls) = ROIGW) = 555 cw =212

o(f) = % - %8"2’

01.07.2013
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Electrical Network Transfer Functions: (Mesh Analysis/ Nodal Analysis)

Impedance Admittance
Componem Voltage-current Current-voltage  Voltage-charge Z(s) = V(s)/1(s) Y(s) =I(s}/ V(s)
. dv(t) 1 1
v(i) = f i) =C V() = = q(r) 1 Cs
Capacnor c dt c Cs
MA— v = Rity i =1 V(0 V() = RE‘L@ % -G
Resistor
_/'0'0'00\_ di(t) d’q(1) 1
(1)=L—— i =— f rdr v(t) = L—5+ Ls —
Inductor at 0= dr Ls

Note:In electrical engineering, the admittance (Y) is a measure of how easily a circuit
or device will allow a current to flow. It is defined as the inverse of the impedance (2).

1 I(s
Y§)==—= ﬁ
Z(s) Vi(s)
Note: These components are considered both passive and linear. Passive because they
involve no internal source of energy (although inductors and capacitors can store

energy).

Transfer Function—Single Loop via the Differential Equation: PROBLEM: Find the
transfer function relating the capacitor voltage, Vc(s), to the input voltage, V(s)

(Ls+R+ )J(s) Vis)

I 1

(s) 1

_— P Ls+R+?
Vels) = 1(5) &

dzq(r) dq(r) t
pra Cq(r) = V() d'(') + Ri(t) + — ! J D dv = v(D
g(ty = Cve ()
LC ‘F;g“’ +RC dvsr(" +ve (@) = vii) 5
(LCs* + RCs + 1)Wc(s) = V(5)
Ve(s) _ 1/LC
Ve e R L Vo) e | ew
L LC . 2 R 1 .
+=5+t—
.*Ic

01.07.2013
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R111(s) + LsIy(s) — LsIy(s) = V(s)

Complex Circuits via Mesh Analysis

1. Replace passive element values with their impedances.

2. Replace all sources and time variables with their Laplace transform.

3. Assume a transform current and a current direction in each mesh.

4. Write Kirchhoffs voltage law around each mesh.

5. Solve the simultaneous equations for the output.

Transfer Function—Multiple Loops: , find the transfer function, 12(s)/V(s).

Ry R Ry

R
Vils) Ve (s)
AV AV M
_—
wir) L €~ vcin W)
o) : i)
(a)

e

)

LsIz(s) + Rala(s) + %Ig(.!‘] - Lsh(s)=0

(Ri+Ls) Vi(s)
—Ls

Lhis) = 0 |_LsV(s) Vis) LCs? I2(s}
a A (Ry+ R)LCSM(RR,C+ L)s + R,
(R + Ls) ~Ls (e)
A= 1
—Ls (Ls + Ry + a)
Example for Mesh Equations
Meshes 1
Sum of Sum of
Sum of impedances impedances Sum of applied
[ impedances |Iy(s) — | commonto |[3(s) —| commonto |I3(s) = | voltages around
around Mesh 1 Mesh 1 and Mesh 1 and Mesh 1
Mesh 2 Mesh 3
Sum of Sum of Meshes 2
impedances Sum of impedances Sum of appied
— | commonto |I(s) + | impedances |[I3(s)— | commonto |I3(s) = | voltages around
Mesh 1 and around Mesh 2 Mesh 2 and Mesh 2
Mesh2 Mesh 3
5
Sum of Sum of ll (
impedances impedances Meshes 3 .
— | commonto |/;(s) — | commonto | Ix(s) 1 as
Mesh 1 and Mesh 2 and WV 70000 —
Mesh 3 Mesh 3 1
Sum of Sum of applied Vi) (D % 3s
+| impedances |[i(s) = | voltages around o NN
around Mesh 3 Mesh 3

01.07.2013
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Transfer Function (Nodal Analysis)—Single Node via Transform Methods:

SOLUTION: The transfer function can be obtained by summing currents flowing out

of the node whose voltage is Vc(s) in Figure . We assume that currents leaving the
node are positive and currents entering the node are negative. The currents consist of
the current through the capacitor and the current flowing through the series resistor
and inductor.

Vels) Vel = V) _

I/Cs R+ Ls

where V(s)/(1/Cs) is the current flowing out of the node through the capacitor,
and [V(s) — V(s)]/(R + Ls) is the current flowing out of the node through the

Nodal Analysis :PROBLEM: Find the transfer function, Vc(s)/V(s), for the circuit in
Figure analysis.

. . & .
Solution: sum currents at the nodes W AAN

R
M
Vils) - V() . Vi(s) N Vi) = Vels) _ 0 V(s Ls é =
Rl Ls RZ Hin ()
®)

Vels) = Vils)

A

CsVel(s) + Rz =0
Rearranging and expressing the resistances as conductances Gr=1/R
Gy = ]/Rz
(01 + G +%) Vi(s) = GV(s) = V(s)Gy
-GV L(s) + (G2 + CS)V(:[S) =0
GiG;
Vels) Cc
Vis) GG, L+C G
G+ G+ —F e — s+ —=
(G1+Ga) c *TIic
G,G
Vis) ICE 5 V‘v{.s‘]
—_— -

G+ G 2 G|GQL+C G_g
( 1+ Go)st+ LC 3+LC

01.07.2013
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Transfer Function—Multiple Nodes with Current Sources (Voltage source to Current source)

Gy
=7 Vs Veds)
f\f\’m vy VelSI/VEs)=: AM— i
. 1
o # ) )é;:i — W, 6 St csT
)

1d all voltage sources in series with an
impedance to current sources in parallel with an admittance using Norton's theorem.

summing currents at the node VL(S), currents at the node Vc;(s)
GIVL(s) + 1 vL(s) + Go[VL(5) = Vels)] = V(s)Gy CsVe(s) + Ga[Vel(s) = Vi(s)] =0
F oo o oot [Sum of admittances

ancec 1 N Qinm Afannliad 1

>Uum o1 auuul. LS s ] DULLL VI appPlIitud
Vi(s) — | common tothetwo | V¢(s) =
{ 1 J ( (s) currents at Node 1

connected to Node
nodes

common to the two
connected to Node 2 currents at Node 2

Sum of admittances

f admi i

_ [ JVL(S) [Sumo a mlttances}v (s) = [ Sum of applied }
nodes

Transfer Function—Inverting Operational Amplifier Circuit:
Find the transfer function, VO(s)/Vi(s), for the circuit given in Figure

Ry= Cy= .
ke 0w, 1 1 360 x 10°
l —3 — —
i - i 20165 - 1
Cis+—  56x107% +
UTR 360 x 10°

Zy(s)=R Jri—zzr;lxmhtE
2(8) -2 Cas - A
Volo) . _2a8) —— vy, | p3p St 45.955 +22.55
Vils)  Zals) Vils)

Zy(s)

Transfer Function: Noninverting Operational Amplifier
Vols) A
Vils) T TH AL ZO + Z0)

Vol(s) _ Zy(s) + Za(s) Z,(s)
Vils) Zy(s)

Vols) = A(Vi(s) — Vi(s))

Z] (S)
Z1(s) + Za(s)

Vi(s) = Vols)

01.07.2013
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Transfer Function: Examples

C, Solution
___‘%
R,
'\/\}\1 Vol(s) _ C,Cy R;R;sﬁ +(CaRy+ C1Rz + C1Ry)s + 1
V,'(S) - C2C1R;R 8% + (Csz + C1Ry )S-I- 1

vi(1) ~ .
vAn >—;
+
Find the transfer function, G(s) = VL(s)/V(s), for

:T[ 1
000 Solution

o g Vi(s)/V(s) = (s> + 25 +1)/(s* + 55 + 2)
AN WY

vin ‘f) 1H THS win

Translational Mechanical System Transfer Functions:.
Force-velocity, force-displacement, and impedance translational relationships
for springs, viscous dampers, and mass
Impedence
Component Force-velocity  Force-displacement Zy(s) = F(s)/X(s)
Spring
— j—- vie)
Fy 6 =K [[v(t)d ) =K
T o f()=K yv(nydr  f(t) = Kx(¢) K
1]
o
Viscous damper
- xtr)
dx(t)
i ] , 1) fle)y=f.v(f) f“)=fv? fus
= I
Mass
R dv(t) dx(1)
N=M = 2
_ f) yn fl)=M—5 Ms
M = fin
Mechanical systems parallel electrical networks to such an extent that there are
analogies between electrical and mechanical components and variables. Mechanical
systems, like electrical networks, have three passive, linear components. Two of
them, the spring and the mass, are energy-storage elements; one of them, the viscous damper,
dissipates energy.

15
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We now create analogies between electrical | Force-velocity Voltage-current
and mechanical systems "
Comparing the force-velocity column fl) =K fyv(vydr  v(f) = if i(t)dt
to the voltage-current column, we see Clh
that mechanical force is analogous to )
electrical voltage and mechanical fe) = fv(e) v(1) = Rit)
velocity is analogous to electrical current. ()
=mZ di(t
FO=MZ" =L
Comparing the force-displacement Force-displacement  Voltage-charge
column the voltage-charge Column 1
leads to the analogy between fl1) = Kx(1) v(t) = —=q(r)
. . C
the mechanical displacement and
electrical charge. We also see that £l =fvm vt) = dq(r)
the spring is analogous to the capacitor, dt dt
The viscous damper is analogous to the d2x(r 2
resistor, and the mass is analogous to the fl)=M d,g ) v(t) = L-dqugr)

inductor.

summing forces written in terms of velocity is analogous to summing voltages
written in terms of current, and the resulting mechanical differential equations are

analogous to mesh equations.

Another analogy can be drawn by comparing the force-velocity column to the current-
voltage column in reverse order. Here the analogy is between force and current and
between velocity and voltage. Also, the spring is analogous to the inductor,

the viscous damper is analogous to the resistor,

and the mass is analogous to the capacitor. Thus, summing forces written in terms of
velocity is analogous to summing currents written in terms of voltage and the
resulting mechanical differential equations are analogous to nodal equations.

Force-velocity Current-voltage
f0) =K fividr i) = cd‘{’t(‘”

=0 i) =m0

o dv(t) 1
fit)=M=—2= i(r):zfo v(r)dr
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Transfer functions for translational mechanical systems. The first example, is similar to
the simple RLC network .see Figure and Find the transfer function, X(s)/F{s),

o i) e | vew Vels) __ 1/LC
R__1
.IZ-PES'PE V(.S’) s2+§s+%
K ‘ x(1) (t)
" M + + Kx(t) = f(t
M i Fis) ) Xts)
M2+ fs+ K "
Kr(r) - - 1 — (1) - —|—D-X(.\J MS2X(S) + f‘,SX(S) +KX(S) — F(S)
5) ~—— T
fv% - M = A fsX(s) = M | F(5) (Msz +f.5+K)X(5) = F(s)
Mdz_x - Ms?X(s) = G(s) = X(s) B 1
@ =0 " MR

Assuma positive direction of motion, for example, to the right. This assumed

positive direction of motion is similar to assuming a current direction in an electrical
loop. Using our assumed direction of positive motion, we first draw a free-body
diagram, placing on the body all forces that act on the body either in the direction of
motion or opposite to it. Next we use Newton's law to form a differential equation of
motion by summing the forces and setting the sum equal to zero. Finally, assuming
zero initial conditions, we take the Laplace transform of the differential equation,

SOLUTION of example in previos page: Begin the solution by drawing the free-body
diagram shown in Figure . Place on the mass all forces felt by the mass. We assume the
mass is traveling toward the right. Thus, only the applied force points to the right; all
other forces impede the motion and act to oppose it. Hence, the spring, viscous
damper, and the force due to acceleration point to the left.

(Ms* +f,s + K)X(s) = F(s)
[Sum of impedances| X (s) = [Sum of applied forces]

X)) 1
Gl =5 M+ fs K
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Taking the Laplace transform of the force-displacement column

Force-displacement

impedance for

f(t) = Kx(2) m mechanical components

fy=£,5

£ = Md;tgt} | F(s) = MsX(s) | /

F(s) = fisX(s) _ F(s)
Zu(s) = X0

[Sum of impedances| X (s) = [Sum of applied forces]|

Many mechanical systems are similar to multiple-loop and multiple-node electrical
networks, In mechanical systems, the number of equations of motion required is
equal to the number of linearly independent motions. Linear independence implies
that a point of motion in a system can still move if all other points of motion are held
still. Another name for the number of linearly independent motions is the number of
degrees of freedom

Multiple-loop and multiple-node electrical networks,

Many mechanical systems are similar to multiple-loop and multiple-node

electrical networks, where more than one simultaneous differential equation is
required to describe the system. In mechanical systems, the number of equations of
motion required is equal to the number of linearly independent motions. Linear
independence implies that a point of motion in a system can still move if all other
points of motion are held still. Another name for the number of linearly independent
motions is the number of degrees of freedom. This discussion is not meant to imply
that these motions are not coupled to one another; in general, they are. For example,
in a two-loop electrical network, each loop current depends on the other loop
current, but if we open-circuit just one of the loops, the other current can still exist if
there is a voltage source in that loop. Similarly, in a mechanical system with two
degrees of freedom, one point of motion can be held still while the other point of
motion moves under the influence of an applied force.

In order to work such a problem, we draw the free-body diagram for each point

of motion and then use superposition. For each free-body diagram we begin by
holding all other points of motion still and finding the forces acting on the body due
only to its own motion. Then we hold the body still and activate the other points of
motion one at a time, placing on the original body the forces created by the adjacent
motion.
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Transfer Function—Two
Degrees of Freedom

FIGURE 2.18 a. Forces on M1 due only to
motion of M1; b. forces on M1due only to

. \ N ra
motion of M2', c. all forces on M1 S RE i S B R B | S B B SRS a——
’ J J
% f"z
KX (s) =— (K, + K2)X;(s) =~—]
| —— fv 8X|(.S') KX | 204
SX1(5) -— ! — KXols) e s —] [ KaXos)
Tk My — KXi(s) | M O * 5l Xs(S) M ’
Fls) —= = f,,5X5(s) Fs) = | f, 5Xa(s)
M52, (5) -— M)52X ) (s) =—
(@) ®) @

FIGURE 2.19 a. Forces on M2 due only to motion of M2, b. forces on M2 due only to motion of
M31; c. all forces onM2

KzXz(S) ~—
KZXI(S) pu— (Kz + Kg)Xz{s) e
fvlsxz(-f) I My KXols) M, — fo.5X1(5)
Foy5Xols) =—] Y fsxie) —= Gt X0 =0 | )
Mzsng(s) -] Ms2Xy(s) =—
@) &) ©

SOLUTION: The system has two degrees of freedom, since each mass can be moved

in the horizontal direction while the other is held still. Superposition is used to draw
the freebody diagrams. For example, the forces on M1 are due to (1) its own motion
and (2) the motion of M2 transmitted to M1 through the system. We will consider
these two sources separately. If we hold M2 still and move M1 to the right, we see the
forces shown in Figure 2.18(A). If we hold M1 still and move M2to the right, we see the
forces shown in Figure 2.18(b). The total force on M1 is the superposition, or sum, of
the forces just discussed. This result is shown in Figure 2.18(c). For M2, we proceed in a
similar fashion: First we move M2 to the right while holding M1 still; then we move M1
to the right and hold M2 still. For each case we evaluate the forces on M2, The results
appear in Figure 2.19. The Laplace transform of the equations of motion can now be
written from Figures 2.18(c) and 2.19(c) as

[Mis*(f,, + Fo)s + (K1 + K2)] X (s) — (.5 + K2)X2(s) = F(s) (2.118a)

—~(firs + K2)X1(5) + [Ma$® + (o, + fir)s + (K2 + K3)|Xa(s) =0 (2.118b)
Xa(s) ~ (fi s+ K2)
Fis) - 00 =73
_ [M]SZ + UV] +fv3)'5' + (Kl + KZ)] *(fvj.s‘ + Kz)
- —(f.s + K2) [M2s? + (f,, + f,.)s + (K2 + K3)]
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[M1s*(f,, + fin)s + (KL + K2)] X (5) — (f,,s + K2)Xa(s) = F(s)
—(fr:s + K2)X1(8) + [M'?_S2 + (i +fu3)S + (K2 + Kg)]Xz(S) =0

similar to electrical mesh equations:

(2.118a)

(2.118b)

Sum of
. Sum of
impedances impedances Sum of
connected | Xi(s) — P X,(s) = | applied forces
. between
to the motion at xq
x; and x»
at x; -
Sum of ' Sum of
. dance impedances Sum of
_ | rmpecances | 1(s) +| connected | X,(s) = [appljed forces
between .
to the motion at x»
x; and xp
- at x;
Electric Circuit Analogs: Series Analog
L R

—|—— ay

+
™~

— A —

elf) C) ) p=
M — fin in

WA
!

)]

mass =M —»

viscous damper = f, —»

| spring = K —»
K applied force = f{f) —=

velocity = v(f) —»
(d)

inductor = M henries
resistor = f, ohms
capacitor = ‘%farads

voltage source = f{1)

mesh current = w(r)
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Electric Circuit Analogs: Parallel Analog

+. Vi ‘L

()]
mass = M —» capacitor = M farads
. . . |
Al | | viscous damper = f, —» resistor = < ohms
v
spring = K — inductor = ,% henries

applied force = f{f) —= current source =f{1)

=
N
S
)
Y
|

velocity = w(r) —= node voltage =w(1)
(c) )

Rotational Mechanical System Transfer Functions:
Rotational mechanical systems are handled the same way as translational mechanical
systems, except that torque replaces force and angular displacement replaces

translationaldisplacement..rorq“_mgular Torque-angelar Impedence
Component velocity displacement  Z,,(s) = T'(s)/6(s)
Tn 6n
Spring /™y

T(r) =K [je(t)dr T(f) = K6(1) K

Viseous 7(5) 8(r)

damper
pe1 [ [ T(t) = Dw(t) () = %(:1 Ds

Ty 8

Inertia
J

Torque-angular velocity, torque-angular displacement, and impedance rotational
relationships for springs, viscous dampers, and inertia

a*o(r)

ae I

Ti{t)y=J
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Rotational mechanical systems are modelled in almost the same
way as translational systems except that...

e We replace displacement, x(t) with angular displacement
(t); Angular velocity is w(t)

o We replace force with torque
For a force F acting on a body at point P, torque is defined as,

T = FRsing

where R is the distance from P to the body's axis of rotation and ¢

is the angle the force makes to the ray from the axis of rotation to
P. Hence, if the force is perpendicular to the axis of rotation then,

T =FR

A rotating body can be considered a system of particles with
masses mi, mp, m3, .... | he moment of inertia is defined as,

J:m1R12+m2R22+m3R§+---

The total kinetic energy is,

Recall that the kinetic energy for a translational system is %mvz.

So J is analagous to mass in translational motion. Also, similar to
the equation F = ma in translational systems, we can relate torque
and angular acceleration,

We define the components of our rotational system as springs,
viscous dampers, and rotating masses.
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Find the transfer function: 92(5)/ T(S)
(1) 6)(1) Ga(1)

T(1) 6,(1) (1)

& ‘
. |
SED 1 IS =k
D, K \ D, L
(@ (b) Draw a free-body diagram of J1,
using superposition
."-":i.\I' Direction L) Direction LSt Direction
"};‘;.’.I-:\ e |/ ~ Tf‘;‘l’. ) hs*) (3) 11 rotating, J2 held still (b) J2
L) ( L) | (41 ) . .
\ N f-’).m‘,m VX \ fnlmjm rotating, J1 held still (c) All
Ky (5) Kty s) Kéh(s) torques on J1
K-H_:t 5)
iaj - i ici a. Torqlles on
o o o J> due only to the motion of
a(5) Direction 'H':t\] Direction f45(5) Direction .

_ /7 ko) Y ¢ J2;b. torques on J due only
[ e | [ [ S\ to the motion of Jq; ¢. final
\ Upsan | \ (2 V2 4pyays free-body diagram for J,

;’.r;:{ 5) f\:i;: (5)
(J18% + D1s + K)6: (s) — K6y(s) = T(s)
—K6,(s) + (J25 + Das + K)B(s) = 0
from which the required transfer function is found to be 62(s) _ E
T(s) A
(J18* + D1s + K) -K
—-K (fzsz + Dys + K)
well-known form
. Sum of Sum of
impedances impedances Sum of
connected | 6(s) — bp 6,(s) = | applied torques
. etween
to the motion o, and 6 até;
at 9, ! 2
Sum of
Sum of . S
impedances impedances Sum of
- 61(s) + | connected |8;(s) = | applied torques
between .
to the motion at6s
6; and 6,

at 6,
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Transfer Functions for Systems with Gears:

Gears provide mechanical advantage to rotational systems. Anyone who has
ridden a 10-speed bicycle knows the effect of gearing. Going uphill, you shift to
provide more torque and less speed. On the straightaway, you shift to obtain more
speed and less torque. Thus, gears allow you to match the drive system and the
load—a trade-off between speed and torque.

The distance traveled along each
- N
fi(lf) ()[{n’l N!

-
\

e
) ‘) r1|91 = rzlf?z

Input
drive gear, 92 H N 1
Gear1 OQutput — = =7
driven gear, 91 @) N 2

Gear 2

Assume the gears are lossless, that is they do not absorb or store energy, the energy
into Gear 1 equals the energy out of Gear 2

6, N, & T Ny T

7.6, =Th8, —> L2_061_No

T, 6 N

2 050 T gear's circumference is the same.

Transfer Functions of Dynamic Elements and Networks (Examples)

R Va(s) _

Vis)

Tachometer, velocity sensor

o
~—
L]
~—
|

= K,o(s) = K50(s)

=
I

. = constant
0(s5). wis)
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Modelling LIQUID-LEVEL SYSTEMS:
Resistance and Capacitance of Liquid-Level Systems. Consider the flow
through a short pipe connecting two tanks. The resistance R for liquid flow in such
a pipe or restriction is defined as the change in the level difference (the difference
of the liquid levels of the two tanks) necessary to cause a unit change in flow rate;

thatis, _________ A
1
|
Control signal - ! Tlow ouf R
o 0, 1}
<+—
w) —L |
: /] / : vi(t _—
height/level gl?t\; out i(0 C
h(t) ©
—> o
RN (b)
Liquid level system and electrical RC circuit
System Liquid level system | Electrical RC
circuit
mput signal : flow g,(1) mput voltage vi(1)
outpul signal : height i) output voltage v,(r)
Differential equation: R 4@ + by =R (.,rﬁg —
dt dt
Raq.ft) vt
General  differential dy = Kt dv =K
eqllmiml T ar iy Hft) T ar ¥y u(r)
" T A
DC motor, field-controlled, rotational actuator i
L,
Ry
(s) +
V}(s} S{J’S 7 b)(LJrS + R‘Ir) VJ fr, w0
A [nertia = J
Sy Friction =
L
DC motor, armature-controlled, rotational )
actuator Field
Load
L-)
+ Wm_ + .‘} _\'-..n.l-a
Rﬂ » winding N
%
V. (5) v, b, {- A
I - A, w J. b = _;\'_";
a | Shan,_ ot . oy -
- | £~ >
\\‘ f; — ‘/‘ Brush 2
=3 Commutatar

o(s)

Kp

kS

Beariags

Vils) IR, + L,s)(Js + b) + KpK,) e

Inertia

v
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