EEM322 : Lecture 3b
Time domain modelling

State Variable Models or State-space approach

Solving for the State Variable System Equations
State space to Transfer function

Transfer function to State space conversion

Durum Denklemlerinden Transfer Fonksiyonunun Elde Edilmesi:

Bir sistemin durum degiskenlerinin farkli segimleri durum denklemlerinin farkl kanonik
formlarda yazilabilmesini saglar. Yani bir sistemin ¢ok sayida durum degiskeni modeli
elde edilebilir. Fakat transfer fonksiyonu gosterimi tektir.

X =Ax+Bu
y=Cx+Du
Bu denklemlerin her iki tarafina Laplace donlsiimi uygulanirsa asagidaki gibi azilabilir.

sX(s) —x(0) = AX(s) + BU(s)
Y(s) =CX(s)+ DU(s)

Durum denklemi X(s) ‘e gére diizenlenirse asagidaki esitlik elde edilir.
X(5) = (s — A)'x(0) + (s — A)'BU(s)
Bu denklemdeki X(s) ¢ikis denkleminde yerine kondugdunda asagidaki esitlik elde edilir.
Y(s) = C(sI - A) ' x(0) + C(sI - A) 'BU(s) + DU(s)

Transfer fonksiyonunun tanimi geregi durum degiskenlerinin baslangi¢ kosullarinin
yerine x(0) = 0 seklinde yazildiginda ayni ¢ikis denklemi asagidaki gibi yazilabilir.

Y(s) = |C(sT - A)Y'B + DJU(s)
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Boylece durum denklemleri verilen tek girisli tek ¢ikish bir sistemin transfer fonksiyonu

Y(s)

=)

=C(sI-A)'B+D (sT—A)* = Aa|b‘ isl AA)
-

Yukaridaki denklem su sekilde yazilabilir.

Adj(sI—A)
|sI— A
CAdj(s1— A)B +|sI - AlD
sT— Al

G(s)=C B+D

G(s)=

Transfer fonksiyonunun paydasi karakteristik
denklem olarak tanimlanir

Ornek: Durum uzayi modeli asagida verilen sistemin transfer fonksiyonunu elde
ediniz.

X, 0 L || x 0 X, _Y(s)
ij_{z J[ijr[Ju 7 :[3 I]L‘fj - )= U(s) -

Ornek: Durum uzayi modeli asagida verilen sistemin transfer fonksiyonunu elde
ediniz. (D=0)

Coziim:

s
|sI—A:‘
2 s+3 1 -2 s

i(sT — +3 10
G(s)=C(s1-A)'B+D=c2EI=Dpg p 3 L .
sI— A S +35+2) -2 s|1] sP+3s+2

olarak elde edilir.

Example: Converting from State Space to a Transfer Function

I e e 2
X = ! i 1 Jx-{- [OJu(I)

y=[15 0.625]x
3545

ANSWER: =2 14516

-1 , _ s+3 —2] [s+3 1]
=s(s+3)+2=5"+35+2 s Adi(s1-A)= =
5
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Example:
—4 —15 2
x= { X+ [ u(t)
4 0 0
y=[1.5 0.625] x
sl-A:Jl 01 [—4 —1-51 [s+4 1.51

,_
=]
—

| I

|

e —
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(=)
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Il
—
|
S
[
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s+4 1.5

det(sl — A) = =(s+4)s—1.5(—4)=5s>+4s+6

—4 s

, [ s —[—4)}71 "s —1‘5“
A= s eva | T e ene

cfadi(sl— A)}b — [15 0.625]{2 :ﬂ “} e
G(s) = ——— 2
[ 2s ] 5 L4516
- 15 0.625]l ) J:3s+5

Example: Obtain the transfer function representation for a system represented by

matrices,
0 1 0 0
A= 0 0 1);b=[0);e=[21 0]

-10 -2 -3 1

s -1 0
[sI-A1=|0 s -1
10 2 s+3

det[sI~A] = s(£+35+D+ 10 = F+35+ 25+ 10

adj [sT~A] s+3 - st+3s —25-10

2

(243542 —10  —10s |
| 5 5

= - 10 P£+35 s
—-10s -25-10 §

"sz+3s+2 s+3 l}

s+ 2

1
cladj(sI-A)Jb =1[21 0] [3] =s5+2 G(s) =

SZ

S+374 25+ 107

08.07.2013



Example: State-Space Representation to 0 1 0 10
Transfer Function X = [ 0 0 Ijlx-k [0 }u
¥ (s) B -1 -2 -3 0
T{s)=U(S)=C(sI—A) B+D y=[1 0 O)x
s 00 0 1 0 s —1 0
(sI—-A) = |i0 0 0] — [ 0 0 1:|= {0 s —1j|
0 0 s -1 -2 -3 1 2 5s+3
[ Ayl _ adiGI—4) (2 +3s+2) s+3 1
(sI-4)  det(sI - A) -1 s(s+3) s
-5 —-(2s+1) &
P +3s2 +25+1
rio7 C=[1 0 0]
B= g D=0
10(s®> 4+ 35 +2
T(s) = o )

2432425+ 1

Example: Obtain the transfer function 6(s) of a linear
single-input-single-output mechanical system whose
state-space equations are known.

p 0 1 0

3 [.‘]- kob [‘r']+ 1

1 . Ll |- %] |
F “) input m_m m
[ A B

wn output ~ .
b5 |mm y=11 O][x;] D=0
C

G(s)y=C(sl — A'B+ D

08.07.2013



Converting from State Space to a Transfer Function: Example:

|4 15 2
X = [ g " Jx—{—[o]u(t)
y=[15 0.625]x

3s+35

ANSWER: G(s) = EE

Converting from State Space to a Transfer Function:
Given the state and output equations: % = Ax + Bu

Take the Laplace transform assuming zero initial conditions y=Cx+Du
sX(s) = AX(s) + BU(s)
Y(s) = CX(s) + DU(s)
Solving for X(s)  (s1 — A)X(s) = BU(s) X(s) = (s - A)"'BU(s)
where | is the identity matrix.
Y(s) = CX(s) + DU(s)
Y(s) = C(sI — A)'BU(s) + DU(s) = [C(sI — A) "B + D]U(s)

We call the matrix [C(Sl _ A)—IB + D]

the transfer function matrix, since it relates
the output vector, Y(s), to the input vector, U(s). However, if U(s) = U(s) and
Y(s) — Y(s) are scalars, we can find the transfer function

T(s) =%= C(sI-A)'B+D
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characteristic equation - Definition. det(A — Al) =0 is called the
characteristic equation of the matrix A.

Eigenvalues \ of A are roots of the characteristic
equation. Associated eigenvectors of A are nonzero
solutions of the equation (A — A)x = 0.

the poles of the system are the roots of

the equation det [sl - Al = O. This expression is called the
characteristic equation of the matrix A and its roots the
eigenvalues of A. Thus, the poles of a system are

the same as the eigenvalues of its state matrix.

The poles of the system Y(S) are, therefore,
U(s)
_ adj(sl — A)
l—A)y 1= 2 det(sl —A)=|sl —A| =0

which is the eigen values of A.

Converting a Transfer Function to State Space: to apply this representation to
transfer functions.
Consider the differential equation ~ d"y "y dy

—+an_1W+---+a15

T + agy = bou

Choose the output, y(t), and its (n - 1 ) derivatives as the state variables. This
choice is called the phase-variable choice. Choosing the state variables, Xi, we get

. ay
X == .
X1=Yy dt X1 = X2
dy d*y v
X =
2 dt X2 dtZ
d2 e d3
dt dare )
Xn-1 = Xn
X, = dn_ly K = ﬂ Xy = —@gX1 —~ a1xy -+ - —ay_1X + boue
" dm] " dm

differentiating both sides
yields
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These equations are the phase-variable form of the state equations. This form is
easily recognized by the unique pattern of I's and 0's and the negative of the
coefficients of the differential equation written in reverse order in the last row of the
system

[ X1 ] [0 1 0 0 0 0 0 J[x ] [0]
X2 0 1 0 0 0 X3 0
X3 0 0 0 1 0 o - 0 X3 0
= . : + . u
Xp_1 0 0 0 0 0 0o --- 1 Xn-1 0
L %, | | —ag —ay —-ay -a3 —ay —as -+ —a,a) | x, J Lbol
)'( — AX _|_ bll !n summary, thgn, to.converta tr.ansfer function
into state equations in phase variable form, we
{ x1 | first convert the transfer function to a differential
X3 equation by cross-multiplying and taking the
X3 inverse Laplace transform, assuming zero initial
y=[100 0] ; conditions. Then we represent the differential
Xu_i equation in state space in phase variable
Xn form. An example illustrates the process.

Converting a Transfer Function with Constant Term in Numerator:
PROBLEM: Find the state-space representation in phase-variable form for the
transfer function shown in Figure

Rix} 24 Cts)
749574 265+ 24

Step 1 Find the associated differential equation. Since

Cc(s) 24
R(s) ~ (s3 + 952 + 265 + 24)

cross-multiplying yields

The corresponding differential equation is found by taking the inverse Laplace
transform, assuming zero initial condit (33 + 952 + 265 + 24)C(S) — 24R(S)

Step 2 Select the state variables. Differentiating both sides

Choosing the state variables as
. s X1 = X3
successive derivatives, we get x| =c
.. . X2 = X3
C+9E+26c+24c=24r |y, —¢ | |
x3 = —24x1 — 26xy — 9x3 + 24r
X3 = &
y=c=x
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In vector-matrix form, X1 0 1 0 X 0
| = 0 0 1 xaf + |0 |r
X3 -24 -26 -9 X3 24
X1

_ 0 Notice that the third row of the system matrix has the
y=|[1 0] | x2 - .
same coefficients as the denominator of the transfer
X3 function but negative and in reverse order

_\'I(.'i v(t)

e RN N

i) + ARG

24 |

&)

If a transfer function has a polynomial in s in the numerator that is of order less than
the polynomial in the denominator, as shown in Figure, the numerator and
denominator can be handled separately. First separate the transfer function into two
cascaded transfer functions, as shown in Figure; the first is the denominator, and the
second is just the numerator. The first transfer function with just the denominator is
converted to the phase-variable representation in state space as demonstrated in the
last example. Hence, phase variable x1 is the output, and the rest of the phase
variables are the internal variables of the first block, as shown in . The second transfer
function with just the numerator yields

R(s) bas? +bys + by Cls)
03534' (123’2"' aps+ay
R(s) 1 X 24 b C(s)
—_—] 2 . bys“+ b5+ by -
a3+ a8t + a5+ ag

Internal variables:
X3(5), X3(s5)

08.07.2013



08.07.2013

Converting a Transfer Function with Polynomial in Numerator
PROBLEM: Find the state-space representation of the transfer function shown in

Rix) 2+Ts+2 Cis)
S+9524 265+ 24
Ry Xl Cis
1EY) _ 1 ¥ - 521_?"_'_2
s34+ 952+ 265424

Internal variables:
Xa(s), X;(s)
Step 1 Separate the system into two cascaded blocks, as shown in Figure. The first
block contains the denominator and the second block contains the numerator.

Step 2: Find the state equations for the block containing the denominator. We notice
that the first block's numerator is 1/24 that of last Example . Thus, the state equations
are the same except that this system's input matrix is 1/24 that of last Example.

X1 0 1 0 X1 0
X | = 0 0 1 x2| + [0]r
X3 -24 -26 -9 X3 1

Introduce the effect of the block with the numerator. The second block of Figure,
where b2 =1, bl =7, and b0 = 2, states that

Taking the inverse Laplace transform C(s) = (bas® + bys + bo) X1 (5) = (* + 75 + 2)X) (s)
with zero initial conditions

c=X1+7x; +2x1  y=c(t) = baxs+ bixa + box1 = x3 + x2 + 21

X1 X
y=1[by b1 b]|x|=[2 7 1]|x;
X3 X3 |

xl — x] ﬂ]_ ] J- 1, J- yitn 2
X] =X
X1 = x3 y




