EEM322 : Lecture 3C
Time domain modelling

State Variable Models or State-space approach

Durum Gegis Denklemi ve Durum gecis Matrisi

Durum Gegis Denklemi ve Durum gegis Matrisi
Durum gegis denklemi, dogrusal homojen olmayan durum denkleminin ¢6ziim olarak
tanimlanir. Dogrusal zamanla degismeyen bir sistemin durum uzayr modeli asagidaki

gibidir. X(1) = Ax(t) + Bu(?)
y(t) = Cx()+ Du(r)

Durum denklemi diferansiyel denklem ¢dzme yontemleri ya da Laplace donlisim
yontemiyle ¢oziilebilir. Laplace doniisiimi ile ¢6zim yontemi asagida verilmistir.

sX(s)—x(0)=A4AX(s) +BU(s) — (sI-ADX(s)=x(0)+BU(s)
Y(s)=CX(s)+DU(s)

X(5)=(sI — A)'x(0) + (sI — A)'BU(s)
Y(s) = C(sI — 4) "' x(0) +[C(s] — A) "B+ D]U(s)

Transfer Fonksivonu
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Durum denkleminin ¢6zimu:
x(t) = L7'[(s] = A) ' e(0) + L {(s] = A) ' BU(s)}

Do_ﬁfd;ﬁzﬁm Z.m'lanmI5 giziim
= L'[(s] - A) " 1x(0) + L {(sI — A) "} B*u(?)
: Dogal cizim 7m]nnn17.§. ghzlm ’
x(t) = e*'x(0) + _['e-‘“ YBu(rydr , 120
e — 0
Dogal iiriim

Zorlammg ciiriom

Cikis denklemi:

()= i["1[(.’(31" -A)" ]x(Oz + :["1 {[C(sI-A)"'B+ D]U(s)}

Dogal ghzim Zorlanmis ¢ozim
= CL[(sI — 4)™ 1x(0) + (CL™ {(sI — 4) "} B+ D) u(t)
Dogial giiriim 7.(vrla|||i:\r5 giiziim
y(t) = Ce™x(0) +fCe‘“"”Bu(r)dr +Du(t) , =0
e — (1]
Dogal gozttm Zorlanmuy gizian
A 1 -1
Durum gegis matrisi : e =LH{(s1 - 4)7} seklinde ters Laplace

donlisimivle hesaplanabilir.

N . [il(t)} [0 1 }[x,(r)} [o] . . L
Ornek: Durum denklemi | = +| _ |u(f) olarak verilen sistemde girigin
X (0 -2 =35 1

t>0 igin u(f)=1 olmasi halinde, e* durum gecis matrisini ve x(f) durum denkleminin zaman
domeni ¢ozlimiinii hesaplaymniz.

0 1 0 P
A =[ ) 3] , B= [1] katsay1 matrisleridir.

L. |s 0 0 1 s -1 3 1 s+3 1
(sT—A)" = - = = (I-4y =5—7—
0 s -2 -3 2 s+3 sT+3s+2| -2 &

A ’nm durum gegis matrisi e
2ot — el — e

e’ =L (sI-4)"]=
¢ )| —2e' +2¢7 —e'42e

—2f

Durum gegis denklemi ise

£20 igin, x(r) = ex(0) + j;ef‘“”Bu(r)dr
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Durum gecis denklemi ise
o 2e7t g el _e o [ gD _ g2 e ) _ g2T) 0 p
X = X +I T
_2et 42 672! ot efz: o| _2 e—(z—r) 4 efz(:fr) _ e{r—r) ) e—2(r—r) 1

2¢ —e™ el —e™ 1{05—e"+0.5¢7™ | |
1) = —2et 428 et 42e A0+ s e P t20

olarak elde edilir. Durum gecis denklemindeki ikinci terimi (zorlanmis ¢6ziimi) elde
etmenin diger bir yolu da ters Laplace donlisimu yardimiyla " »
ifadesini hesaplamaktir. Burada zorlanmis ¢6ziim L7{(sI - 4)"BU(s)}

L[(sI — 4 ]BU(s) = L‘[%r +3 l}m l}
5

+3s+2] -2 s|1l]s
a 1 1 Ei 05-e" +0.5¢7™ t>0§
=L > . 4| s i —t 2 ’ =
s +3s5s+2 1 [ e —e i

Properties of the state transition matrix (t): Durum gecis matrisi eAf Veya .cb(f)

1. cb(tl —|—t2} = d’(tl::ld)(tz) = Ea(tl-l_tgj = g1z

d _ . d At At . d at at
2. dth(t)_AdJ(t) = dte = Ae = dte = ae
3. ®(0)=eA0 =1

d d
4. Ed’(f)h:o = EEM lt—o = AD(t)|t—o = A

The matrix exponential function exists and is defined as: ;;( Similar to Taylor series
expansion of the exponential
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Example: Find the state transition matrix for the next state equation,

[a] _fo 1t ] [a], [o],
[#2] [0 —afl=] [1]

Recalling the matrix

ol SR DR RS Y PR R
o) = £ {(sl-A)"} B 1 ’rs—i-a 1]
_ {(Sl_{o 1 ])_1} = L {s(s-i-a){ 0 sJ}

o =

Example for transition matrix . dv

of)=ki-a"'=| | R 1 LR L
—ir Gt L C L C
LI o o
D(s)= L\ = L
= { R‘] 1 1 E e
S+—|"§+—-— 5§+ S5+
L C L LC

the inverse of a 2x2 matrix ... adj(A) det(A)
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fr=3 =1, || |o _L 1

and C=0.5 dr | _ Cll™M . Clu A= 0 =2
& i _E Xy () I =3
dt L L

S(.S‘+3)+2:S2+3S+2:(S+1)(S+2)

o[+ 1)(s+2) 2f(s+1)(s+2)
D(s) { 1/(5+1)(5+2) 5/(5+1)(s+2)}
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Solving for the transfer function

If: R=3,L=1,
and C=0.5

X5

n=o R]'[ﬂ —

1 ¢ s+3 -2 s+3 =2
T 5 L1 s L1 s

= SZ+E‘S+L, $T+3-54+2 (_5-+1)A(S+2)
L LC \
R 3
ic 0.5 6
Gls)= RLC — = 05 o
L s7+3.542 (s+2)-(s+1)
L Lc

For some physical implementations
it may be easier to write the state
equations than it is to define a
single transfer function!

Making a Signal Flow Graph from the State Models

u(t)
Current
source

‘% 0 7% , 1 % o L . 1

T _. c - lf- (" 1 PR
L= : + o |u = . + o
di, |71 R H < dv, |"|1 R H <
dr L L dr L L

O
~l=¥
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