EEM322L8:
Root locus (kok yer egrisi)

Four primarily graphical methods are available to analysis a system in
frequency domain:

1. The Root-Locus Method

2. Bode- Plo t Representations

3. Nyquist Diagrams

4. Nichols Charts

What is Root Locus ? VARIATION OF CLOSED-LOOP SYSTEM POLES
The characteristic equation of the closed-loop system is

1+KG(s) =0
The root locus is essentially the trajectories of roots of the J

-

characteristic equation as the parameter K is varied from 0 to infinity.
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The open-loop transfer function between the forcing input R(s) and the measured
output Y,(s) =  ) T,(s) = K.G(s)H(s)

Ris) —~ | _ Y(s)
:\{’_ K G(s) [
[ e
1]
()= KG(s)
The closed-loop transfer function = — (S} - 1+ KG(s)H(s)

The control system problem:
¥ Poles of open-loop transfer function:

i Easy to obtain via inspection of the denominator

ii. Not affected by changes in system gain
¥ Poles of closed-loop transfer function:

i.  More difficult to obtain

ii. Affected by changes in system gain
The Root Locus is a graphical method for depicting location of the closed-loop
poles as a system parameter is varied. It is applicable for first and second-order
systems, but also to higher order systems.
¥ Provides a qualitative description of systems performance,and this technique can
be used for analysis of order higher systems,Also provide a graphical representation
of system’s stability. Ranges of stability, Ranges of instability,

Geribeslemeli kontrol sistemleri tasariminda agik déngii sistemin
analiz edilmesi, kapali dongii sistemin nasil davranacagi hakkinda bilgi
edinilebilmesi agisindan ¢ok 6nemlidir.

Yontemlerden bir tanesi sistem igin kok yer egrisinin olusturulmasi ve
yorumlanmasidir.

Tanim: K6k yver egrisi sistem parametrelerinin degisimi ile Sistem kapali
dongii koklerinin s diizlemindeki yerini gosteren grafiktir

Kapali dongii sistemlerin gegici rejim cevap karakteristikleri kapal
dongii kutuplarinin yerlerine baghdir. Eger sistem degisken kazanca
sahipse, kapali dongii sistemin kutuplar segilen kazanca goére degisir.
Dolayisiyla kontrol tasarimcisinin dongii kazanci degistikce kapali
dongii sistemin kutuplarinin nasil hareket ettigini bilmesi 6nemlidir.

Amag: istenilen sistem cevabini elde edebilmek igin uygun kutuplar
se¢cmek ve dolayisiyla bu kutuplar igin sistem kazancini belirlemektir
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Example

The closed-loop C'(:,') X

e R(G) s(s+2)+K

Consider the characteristic roots as K=0— . « The characteristic equation is

o = —1 — 2 ~
==l 1=K s +25+K=0
For K = 0 the closed-loop poles are at the open-loop poles. K —> o0
For 0 < K < 1 the closed-loop poles are on the real axis.
For K> 1 the closed-loop poles are complex, with a real
value of —1 and an imaginary value increasing with gain K .

K=1
—2\\

Example : - The open loop TF. of a unity feedback system is given,
Determine the location of its closed loop poles for increasing values of K. Also
determine the limiting value of K beyond which the closed loop system with unity

3, are negative. So the uncontrolled system (without feedback) is stable.

K _ K .
(s+D(s+2)(s+3)  $S+652+11s+6

Open loop G(s) =

Cs)  G(s) K
Ris)  1+G(s) £+65+1Is+6+K

Closed loop

I+G(s) =0 S +os+1Is+6+K = 0.

characteristic
equation

feedback becomes unstable. All the three poles of the plant, SI=-1,52=-2and §3 = -
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3 2 —
Example: SO+ s+6+K =0

(1) K=0: The closed loop characteristic equation becomes the plant characteristic
equation. Hence, the closed loop poles will be the same as the open loop
poles. That is,

si=—hsy=-2,8=-3.
(2)K=6: sus = —1 1 V2 and 53 = — 4.
)iz S8 = —05+jV23/2 and 5, = —5.
(4) K=60: 5, 8 = ijm and sy, = — 6.

The locus of the closed loop poles for increasing values of K is shown in Fig.
Diagram, showing the movement of the roots of the closed loop characteristic
Equation. This figure shows that for values of gain K greater than 60, the closed loop
poles will enter the r.h.s. of the s-plane. The system will then become unstable.

s =—=1,8 ==-2,5 = =3,

Locus of Closed Loop Poles (Root Loclls)
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The open loop transfer function is

K. K, K
GD(S) —_— _—
& s(s+10) s(s+10)
subject’s Motor Camera
position  Sensors  Amplifier and camera position GO o K

G.(s)

4(%‘“{"" . Ko -K_.I:un = 1 +G, $2+10s+K
where K = K1K2

(b)
(a) CameraMan: Camera System automatically follows a subject who wears
infrared sensors on their front and back tracking commands and audio are
relayed to CameraMan via a radio frequency link from a unit worn by the
subject.(b) Block diagram (c) Closed-loop transfer function

Ris) | K Cls) Pole location as a function
24105 + K of gain for the CameraMan
where K = KK system
()

Defining Root Locus: How the dynamics of the camera changes as K is varied ?

S

(a) Pole plot -~ 50% d;s (b) Root locus K
45X i
s=-plane 40 X BE -
e 35X 43 S(SJrlO)
30 X {,2
2 [ P
K=0 5 1015 20 25 2015 105 |D-x K=0, K=10
SRR~ SR vk T S TN+ V2

10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
g B !

2

30X q2
35% 13
40 % .
- —j4
45 X 7
K=50% 4-i5
(ar)

A general feedback control system with a
variable gain K.
Root-Locus is a plot of the loci of the poles

R(s) Y
of the closed-loop transfer function when _ 1)
one of the system’s parameters (K) is
varied. Root locus allows us to visualize the H(s)

changes in the closed-loop poles as the
parameter K is increase from 0 to infinity.
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jeo
K=50X 1.5
45X _ K Pole 1 Pole 2
s-plane 40X 1#
35X 13 0 -10 0
5 =947 -0.53
30
A 12 o -887  -113
41 15 —8.16 -1.84
K=0 51015 20 25 2015 105 o=k 20 —7.24 —2.76
— Ly = 25 =5 =5
=100 -8 =8 =7 =6 =5 4 ~F 2 " [0 30 54,224 -5-,2.24
11 35 =5+316 -5-,3.16
dp 40 -5+7387 -5-;3.87
30X ! 45 -5+ /447 -5-—j4.47
35X 1-5 50 =545 -5—45
40X |
45X H
K=50X = =
Jaw
) A
K =50 —+J5
45 3
s-plane 40 144
42 443
30 472
471
K=0 5 10 15 20 25 20 15 10 5 |0=K
1 1 al L 1 L 1 1 *_-_ o
10 9 -8 -7 —6 -5 —4 -3 -2 -1 0
= =3
30 172
35 13
K=50| -5
(b)
The path of the closed-loop poles as K varies is the root locus.
Observations:
for K < 25 the system is overdamped
for K = 25 the system is critically damped
for K > 25 the system is underdamped




Complex Numbers and Their Representation as Vectors
Any complex number, ¢ + jw, described in Cartesian coordinates can
be graphically represented by a vector.

s-plane s-planc
joo |- jor |-

e 0 et (@) s=o+t+jw

(b) F(s)=s+a

@ * (c) Alternate

representation

Fghae *pians of F(s)=s+a
i B (d) F(8) =5+ Tl ,54p

e) ()

Complex Numbers as Vector

* It can be concluded that (s + a) is a complex number and can be represented
by a vector drawn from the zero of the function to the points.

* The complex number can also be represented in polar form with magnitude M

and angle 6.
M/ 6

Complex Numbers as Vector

m
¢ Assume a function, S+z.
F(s) 1:1[( ) H numerator's complex factors
S)=— =
- H denominator's complex factors
[IGs+p)
Where, j=1

M : Product; m : Number of zeros; n : Number of poles
e Each factor in the numerator and denominator is a complex number

that can be represented as a vector.

* The function defines the complex arithmetic to be performed to
evaluate F(s) at any point, s.

Since each complex factor can be thought of as a vector, the magnitude

M, of F(s) at any point s is, m
H‘(s+z,.) B Hzero lengths

Where, PO =~ - Hpole lengths
(s + zi)| is magnitude of the vector H‘(” pj)‘

j=1

* drawn from the zero of F(s) at —z; to the point s.
(s+p) | is magnitude of the vector drawn from the
pole of F(s) at —p; to the point s.
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The magnitude and phase of F(s) are as follows

r r P
Fs) = 2= '" “
O=> ZL(s+z)— )Y Z(s+p,
ForTor - 2 As+2)=2, L5+ p)
s+ al[s+2z|--- =Y zeroangles— Y _ pole angles
|5+ pil[s +paf -
éF(S) = 921+922+...79p179P27
= L(s+an)+4L(s+z)+ - —L(s+p1)—L(s+p2) — -
Example: Find F(s) at the points =-3 +j4 )
s+1
F(s)=_CtD —
S(S + 2) “\\\ 4 /3 s-plane
The magnitude and phase of the zero is( zero at -1) V 20/116.6°. m 42
The pole at the origin evalutes to (at the origin) 5 ,/126.9°, '_,I",‘;,I\\l_l""-\\ 441
The pole at -2 evaluates to (at -2) \/ﬁ4104 0° ' "‘2 O— > g
|F(s)|ZF(s) = @4 [116.9° — 129.9° — 104.0°]
517
Exampsle: s N m: 7= > zero angles — »_ pole angles
. - M4 m n
"3:\_\‘\ 9:ZZ(S+Z,)—ZZ(5+;}J)
\\ 3 i=1 j=1
\\\ : A
\ \ @, 2 Angle from zero: ¢. =180 —tan*l(;} =116.6°
s+ 1)y L
PNV
\ N . a4
1 ¥ 5 s Angle fl'OmpOle: le =180 —tan 1(;} =126.87
3 -2 - 0 -
. a4 _
6,, =180 —tan [—]:104,04
Example 1
(S + 2)(3 + 4) ZF(5)=116.6"-126.87" —-104.04" =-114.31°
F(s) =
s(s+3)(s + 6) :,
. N\F(s)=M~L£6=02172-11431
~0.0339 — j0.0899 = 0.096£ — 110.7 (s)
. (S + 2) (S + 4) find F(s) at the point s = -7 +/9 the following

F0) = 736 +6)

ways:
a. Directly substituting the point into F(s)
b. Calculating the result using vectors
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* Example: Find F(s) at the point s = -7 + j9 using the following ways.
F(s)= (s+2)(s+4)

s(s+3)(s+6)
a) Directly substituting the point into F(s).

b) Calculating the result using vectors.

* Answer: 10.096£ —110.7°]

4 Complicated Function

m

S+ ~
_ H' ) H numerator's complex factors
F ( S) - iﬂ—l =

+
O Magnitude H( 2

I zerolengths 1;[ ‘(S )

H denominator's complex factors

M = magnitude of F(s)

o | [ pole lengths L . at anv point. s
£ S+ y point, s.
< Angle 1} (s+p, ]‘
6 =2 zero angles— > pole angles
LI LI @ = angle of F(s) at
H:ZI:_Z{SnL:,)fZ;_Z[HpJ) any point, s.
i= Jj=
Properties of the root locus: (s) KG(s)

when the characteristic polynomial in the denominator
becomes zero,

KG(s)H(s)=—1=1/(2k+1)180°, where k=0,£1,£2,43,---

The closed loop poles have to satisfy the following conditions
|[KG(s)H(s)| = 1
/KG(s)H(s) = (2k+1)180°
1
K=—
IG(WIH(s)]
KG(s)H(s) =—1=1/(2k+1)180°, where k=0,+1,£2,43,---

K that satisfies the first condition is given by

Equation above implies that if a value of S is substituted into the function

KG(s)H(s), a complex number results. If the angle of the complex number is an odd
multiple of 180°, that value of s is a system pole for some particular value of K. What
value of K1?

We have just found that a pole of the closed-loop system causes the angle of
KG(s)H(s), or simply G(s)H(s) since K is a scalar, to be an odd multiple of 180°.
Furthermore, the magnitude of KG(s)H(s) must be unity, implying that the value of Kis
the reciprocal of the magnitude of G(s)H(s) when the pole value is substituted for s.

S T 1T KG(s)H(s)
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Example: K

closed-loop poles exist at —9.47 and —0.53 KG(s)H(s) = ~10)
0l s(s +10)

when the gainis 5

Substituting the pole at -9.47 for s and 5 for K yields KG(s)H{s) = - 1 . The student

can repeat the exercise for other points in Table 8.1 and show that each case yields

KG{s)H(s)=-1.

For this system the open-loop transfer function is KG(s)H(s) = K(s+3)(s+4)
(s+1)(s+2)

The closed-loop transfer function

K(s+3)(s+4)

IO = TP+ B+7K)s T O 12K)

R(s) + K(s+3)(s+4) Cls)
(s+1)(s+2) o jor

Vector representation of ja

G(s) from Figure a) at -2 + /3

s-plane 173

Consider the point —2 +j3 . If this point is
a closed-loop pole for some value of

gain, then the angles of the zeros minus
the angles of the poles must equal an odd
multiple of 180°.

1 1 _ J]pole lengths

K=eoam =%~ [T zero lengths

—2+j3isnota
closed loop pole

61 + 6, — 03 — 04 = 56.31° + 71.57° — 90° — 108.43° = —70.55°
with the point —2 + j3 replaced by —2 + j(v/2/2), the gain, K, is

V2
3 LsL4 3 '2—(122)

TLiL, 212)(122)
the point —2 + j(v/2/2) is a point on the root locus for a gain of 0.33

K 0.33
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