MAK312

Sistem Dinamigi ve Kontrol

2007-2008 GUZ DONEMI

LAPLACE DONUSUMU
(LAPLACE TRANSFORM)

 Lineer sistemlerin modellenmesi ve analizi i¢in
kullanilan en 6nemli araglardan birisi Laplace
Transform’udur (Laplace Donusumua).

« Laplace transformunun gucu lineer diferansiyel
denklemleri cebirsel denklemlere
donustirmesinde yatar.

» Bu transform sistem dinamigi dersinde cok
kullanildigi icin en baslarda calisiimasi gereken
bir konudur.
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Time domain

x(t) —» h(t) P—» y(t) = h(t)*x(t)

| | !

Inverse

L’ aplace .Z aplace ‘Zaplace

| ' |

X(s) —»| H(s) —> Y(s) = H(s)-X(s)

Frequency domain

MAKS312-Kontrol 3

LAPLACE TRANSFORM

« Bir zaman fonksiyonu f(t)nin Laplace trasformu,
f(t) fonksiyonunu e-stile carparak elde edilen
terimin t=0'dan t=~ a kadar integralini alarak
bulunur.

« Sonu¢ komplex bir sayi olan Laplace degiskeni
s’nin fonksiyonu olup kisaca F(s)=L][f(t)] seklinde
gOsterilir ve asagidaki gibi tanimlanir.

F(s)=L [f(t)]=] f(t)edi
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Dogrusallik ozellig

Llaf(t)+bg(t)] = [[af(t)+bg(t )] e dt

a]: f(t)e " 'dt +b]o g(t)e'dt
0 0

aF(s)+bG(s)
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Bazi temel fonksiyonlarin Laplace
transformu: Exponensiyel
Fonksiyon

<0

ey
H(1)= Ae” t>0

A
st+a

L f(t)]=[Ae“edt = Al " dt =
0 0

Assumption: § > -«
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Birim Basamak Fonksiyonu

 Birim basamak fonksiyonu asagidaki
sekildedir:

Bt) = Qe 1
i 1 t>0

« Bu fonksiyonun Laplace transformu:

h(t)

o)

= : 1 _. 1
L (1)) = [ h(t)ed = _;e—n| -1
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Birim Basamak Fonksiyonu

» Birim basamak fonksiyon 17(t) olarak da ifade
edilebilir. t=t, aninda olugan birim basamak
fonksiyon igin 17(t-t,) kullanilir.

i LIVt =1,)] = [Tt =1,)e"dr

= J- e ’'dt
ly

e
=——e
s
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Rampa Fonksiyonu (Ramp
Function):

{0 t<0
H(t)=

at t=20

r(t)

Lir(t)] = j: r(t)e'dt = a j:te‘”dt

Bu integrali ¢6zebilmek icin parcall integralleme ybéntemi (Integration by
Parts) uygulanmalidir.

b b
b o
udv=uvl —|vdu % st 5 ~st
;[ ‘“ ! L /r(t)] =aj0 te’'dt = a t(—%j —jo [—es jdt
0
u=t ve dv=estdt alirsak: 0
—st a _st
V= - :;J.O e dt
S
a

2
A\
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Sinus Fonksiyonu (Sinusoidal
Function):

{ 0 t<0
s(t)=

Asin(at) t20 A/\ """"" /\

L [s(t)] = j: s(t)e™'dt \

= AJ‘:sin(a)t)e_”dt

. 1
Bu integrali ¢ézebilmek icin sinis fonksiyonunu ~ Sin( @t ) = 2—
o l

L [s(t)] = A[ sin(ar)e"dt

55 A m(eia)r _e—ia)t)e—srdt . S .
2i %0 Benzer sekilde cosints fonsiyonununda
A 1 A 1

Eehi Sknin Laplace transformunu bulabiliriz
2is—iw 2is+iw

(e —e™)  sekiinde yazabiliiz

aw Ll Acos(at)] = ZAS

2
$2 + @* MAK312-Kontrol S +w

Lliasin(wt)] =

10




integralini aldigimizda Laplace

LAPLACE TABLOLARI

« Bu orneklerde oldugu gibi verilen
fonksiyonlari estile carparak 0 dan « a

transformunu bulabiliriz ancak bu her
zaman pratik bir yontem degildir.

« Bunun yerine hazirlanan Laplace
Transform tablolarini kullanarak birgcok
fonksiyonun transformu hesaplanabilir.

MAKS312-Kontrol
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Laplace Transform Pairs

Laplace Transform Properties

Time Domain Function Laplace Domain Name Illustration
Name Definition*® Function f)«<E>F(s)
Unit Impulse 5(1) 1 Definition of Transform = .
Unit $ u(r) ! LS ( A
nit Step - -0
i Linearity Af(6)+ Bf, (1) < T AF,(s)+ BF,(s)
Unit Ramp t =T df (¢ 3
s First Dertvative Q(% sF(s)— f(07)
1 dar
Exponential e 2
= + e Second Derivative g fl(i‘) L 5 2F(s) - s (07) = F(07)
Asymptotic (- 1 di”
Exponential ' ’ s(s+a) i A"t . n o
3 1 n" Derivative f”( ) «——5"F(s)— Z s"AET0T)
Dual Exponential (8_5“ —e” ) dt i=1
b—a (s+a)s+b) : ., 1
Asymptotic Dual L e 1 (‘be—m ae™ ) 1 Integral .'; f(A)dz ;F(S)
Exponential abl  a-b" 7 s(s+a)(s+b) i dF(s)
. . 1 Time Multiplication if(He——s——=
Time multiplied _at ds
Exponential e (s+a) g - L ==
Time Delay fl—au(t—a)«——e “F(s)
r ®
Sine sin(ar) 2ra’ Complex Shift fe™ L S F(s+ a)
. S (1) 1
Cosine cos(arn) 21wl Sealing f| > J%r{F(ﬂs)
w

Decaying Sine

e " sin(wr)

(s+a)’ +o°

Decaying Cosine

e " cos(ar)

S+da

(s+a)’ +o’

Generic Oscillatory
Decay

it

e™ | Beos(m,t)+

aB .
“sin (o,t)
o,

Bs+C

(s—a)zﬂof1

Prototype Second
Order Lowpass,
underdamped

o,

a
™' sin [ m,41-E7t ]

o

ST +2Lo,5+ )

Prototype Second
Order Lowpass.
underdamped

Step Response

1—%6’:’”"si11fc}n1f17;2[—¢]
e \
¢:[a1171‘ ‘1:;: .
| ¢ )

o,

s(s +2Lm,5+@7)

Convolution Property

[D* [ ()« E F(s)F, (s)

Initial Value

lim f(#) = limsF(s)
=07 5=

Final Value

!im f= 1(111015}7 (s5)

-Kontrol
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t Ekseninin kaydirilmasi:

i)

-

fit-a)

t

0
t

a t

« Eger F(s)=L[f(t)]ise, f(t) ‘yi zaman ekseni
boyunca a kadar (a>0) kaydirarak elde edilen
f(t-a)nin transformu icin asagidaki ifade

gecerlidir:

L [f(t—a)]l=e“F(s)
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t Ekseninin kaydirilmasi:

* Ispat:

L [f(t—a)]|=e“F(s)

L [f(t-a)]= jf(z—a)e-”dr

integralinde degdisken degistirirsek:

T=t-a ise dr=dtve t=0ise 1=-a ve t== ise r== olur.

Buna gére

L [f(t-a)]= Tf(r)e‘“”“dr

Burada f(1) fonksiyonunun 7<0 da sifir olduguna dikkat edersek.
(Zamana bagimli fonksiyonlarin zamanin eksi

oldugu yerde sifir oldugu kabul edilir.)

L[f(t-a)]= Tf(z‘)e_s(”“)d’r = e_‘”Tf(T)e_”dT =e “F(s)
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Vurum (Puls) Fonksiyonu (Pulse
function):

p(1)
Alt,

£ O<r<i,
p(t)=11 ;
0 r<0ve t>g T O ;

Ty

L p(1)]=] p(t)edt

Burada vurum fonksiyonunu iki birim basamak fonksiyonun farki olarak disunebiliriz.
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Vurum (Puls) Fonksiyonu (Pulse
function):

A
p(t)=t—[1(t)—1(t—t0)]

Simdi integralde bunu kullanirsak

L [p(t)]=L Lé[l(t)—l(r—ro)]}

0

= 2(L [ue)]-L =1, )])

0

A(l 1]
=—|———e
t,\s s

A
—s—to(l‘e it
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AniVurum (Impuls) Fonksiyonu
(Impulse function):

(1)

A
lim— 0O<t<y,
O(t) =110 1,
0 t<0ve t>t,

‘ t

L [o(1)]=tim(L [&(1)])

Bu fonksiyonun Laplace Ho [ ot
transformunu hesaplarken P E( e
vurum fonksiyonu 0
transformundan =0
faydalanabiliriz: o
—A(l-e")
LH : dto
=lim p
to—0
— | 57,
4 on)
As
MAK312-Kontrol = T 17
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AniVurum (Impuls) Fonksiyonu
(Impulse function):

« Altinda kalan alan birim alan ise impuls fonksiyonuna birim-impuls
fonksiyonu (unit-impuls or Dirac delta function) denir.

+ t=t, aninda ortaya ¢ikan birim-impuls fonksiyonu &(t-t,) ile gOsterilir.

0 r+#1,

50—%):{

T5(t—t0)dt=1

—o0

o =1,

Birim-impuls fonksiyon birim-basamak fonksiyonun tarevidir.
(ya da tersi birim-basamak fonksiyon birim-impuls fonksiyonunun integralidir.)

5(t—t0)=%l(t—to)

1(t—t0)=j5(t—t0)dt
MAK312-Kontrol 18




Bir fonksiyonun et ile carpimi

F(s)=L[f(t)] ise

Liftie T l=le gty de

Ot § O3

f(t)e " "dt

=F(s+a)
Ornek:
Lisin(awt)] = L  sin(ar)] = a)
Sln( ) T SZ —I—C()2 hﬁKm -KeontroISln( ) e (s+0{)2 +(0§

Bir fonksiyonun turevleri

F(s)=L[f(t)] ise

Birinci Tirev: L[%f(l)]:SF(S)—f(O)

kel Torew: L[ f(1)] = 5*F(s) = $f(0)= f(0)

Benzer Sekilde n. Tlrev:
(n-1)

(1)1 ="F(s)=s" F(0)=5"(0)...= f (0)

1
[dt

ispati kitaptan okuyun Faary e
MAK312-Kontrol 0)= t 20
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t=0




Ornek:

0 t<0
g(t)={

sin(at) t=0

What is the laplace transform L[ g(t)] =7

s

g(t)= ;
7))

wcos(wt) t=20 2

l. YOL: 0 ;-
: { LIg(t)] = Ia)cos(a)t)e"”dt -
0

2. YOL: Fls) e s bt e
w
S+
= s

S+’
MAKS312-Kontrol 21
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Son Deger Teoremi
(Final Value Theorem)

« Son deg@er teoremi bir fonksiyonun duragan-
durum (steady-state) davranisini belirler.

» Buteorem nin var oldugu durumlarda
gecerlidir.

« Eger sF(s) in bltun kutuplari (poles) s
dizleminin solundaysa (left-half s-plane)

Im

sinirl bir degere sahiptir
o S-plane

MAK312-Kontrol : 22




Son Deger Teoremi
(Final Value Theorem)

« Fakat, eger sF(s) in kutuplari sanal eksende ise veya s-dizleminin
sag tarafindaysa f(t) dalgalanan veya exponentli sekilde artan bir
fonksiyondur ve lim, _f(t) limiti yoktur.

« Bu limitin olmadigi durumlarda son-deger teoremini uygulayamayiz.

« Ornegin:

f(t)=sin(a@) rff))=—2—
+ @

SZ
S, =FJjO I
lim f(t) Yoktur. o
o Son-deger teoremi

uygulanamaz. 2
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Son Deger Teoremi
(Final Value Theorem)

« Teorem: Eger f(t) ve df(t)/dt nin Laplace Donutstmleri ve lim,__f(t)
varsa:

_ limf(t)=limsF(s)
* |spat: 0o 0

f(t) nin Laplace Déntstmiandn s sifira giderkenki limiti

limojo[df(t)}e_”dt=lim[sF(s)—f(O)]
oLdt o0

lime

s—0

' =1 oldugunu distintirsek Tl:%f(t)}dt: £y =lim f(t)—-f(0)

t—>o0

Bu iki esitlikten: ([im f(t)=limsF(s)

f%OC ‘ﬁolﬂﬁl 4.0 1
—MAKS1+2=Kontrol 24




Ornek:

1
s(s+1) lim f(t)=7

[—>o0

Lifteil=Fs)=——-

sF(s)= /( = L s+1=0=>s5s=-1
A(s+1) s+1
Pole at left-hand plane
lim f(t) exists
1
lln”lf(f) lln’lSF(S) llﬂ’lSF(S) llm S =1
et MAK312- Kontrol 25

Ilk Deger Teoremi
(initial value theorem)

« Teorem: Eger f(t) ve df(t)/dt nin Laplace Donugumleri ve lim___,F(s)
varsa:

f(o+)=limsF(s)

Odev: Ispati okuyun.
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Bir fonksiyonun integrali
« EQger bir fonksiyon icin f(0-)=f(0+)=f(0) ise

L| [ f()dr] vardir ve degeri

F(s), £(0)
A

A

LL[ f(1)dt] =

£ 0)=(] f(2)dr)

=0
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Bir fonksiyonun integrali

- Ispat:
LUf(t)dt] = TUf(t)dt]e_”dt

u =jf(r)dr:> du = f(t)dt
Parcali integral kullanirsak:

=5
" e
thr =ty
—s
B e e
—_[f(t)—dr
. —s

t=0

—st

RAFESAES e
[ reegdr|ear = (g1 ar) -

O =y §

=l(f(t)dt)‘t=0 +l]:f(t)e_‘”dt _FCs) 7 (O)
CENESSSERSESed . ARE s s

f*](o) %/—/
MAK312-Kontrol f(s/ 28

A




Bir fonksiyonun integrali

« Eger sinirli integralin Laplace dontsimu s6z
konusuysa

Lﬁf(r)dt}z Fs)

S

jf(t)dt=ff(t)dt—(jf(t)dt)

=0

Lﬁf(t)dt} = LUf(f)dl}—L[(If(”dt)‘,zo}
e Fs) s
Ry s S

MAHG(1 2-Kontrol 29
S

Karmasik Turevlendirme Teoremi
(Complex Differentiation Theorem)

L[tf(1)] :—% F(s)

2

L[ﬁf(r)]zﬁlf(s)

L[F f(1)] = (=17 S F(s)

MAKS312-Kontrol 30




Convolution Integral

e Convolution tanimi:

fi(t)x fi(1)= j fi(t=7)f(z)de

t

=[K(t=2)fi(Tide= f(1)* f(1)

0

LIfi(t)* £(1)] = {jfl(r r)fz(r)dr}

=F(s)F(s)

MAKS312-Kontrol 31

Iki fonksiyonun carpiminin Laplace
Transformu

ct+jw

LLf(t).g(t)) =—— j F(p)G(s—p)dp
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l/a2 T
I

j a 2a
_1 /2 preseeusenens U

MAKS312-Kontrol
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-2/a?

1/a2

2
’|——21(t—a)
I a

_|_

|
|
|
L%ut—mu|

a
L MA.K.’%LZ-Kon.t:oI_I

Ll
L[t )] =5
a-S
_|_
—%L[l(t—a)] = ——216_’”
a S
_|_
1 -
—L[Wt-2a)|==—€"
a




1 21 mas 11 —2as
Llf(t)]==>--5~ L
a s a s a’ s
1
F(s)=——(1=2¢% 4 ¢ 2
(s) azs( )
limF(s)="? llmF(s)—llm—(1 207 + _zas):_
a—0 a—0 s 0
e llm/z/l Z/e—Zas
a—0 Za/é/
e—as _e—2as 0
a—0 a O
L.H. e as +2se—2as
= lim
a—0
=—s+2s
MAK312-Kortt:oM 2
St r
2' yOI 0 t<0
1/a2 1
5 0<t<a
f(t)= “1
Q 3 RERHALE a<t<22a
a 2a a
0 e
S a2 b
L f(1)] =]°f(t)e‘”dr =Tie‘”dt+2f—ie—“dt
0 0612 s az
—i le_”a _i _le—st a1
a’l s s a’ s .
= ! it 1 —2as -as
pingat it e e
1 2as i
zg[ “+l+e ™ —e ]
1 MAK312J ontrol 36
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Periyodik fonksiyonlarin Laplace

Transformu

 Periyodik bir f(t) fonk5|yonu icin
= j f(t)edt

« Ispat:

) +1)T
L[f(t)]= j Fltletdi=) j f(t)edt

n=0 ,T

Degisken degistirme yaparsak: r=t-nT

I3 T T 13
LIf(t)]=Y e[ f(r)ede = [ f(z)edTy "
n=0 0 0 n=0
MAK312-Kontrol 37
Ze—nTs _1+ Ts + 2Ts +
n=0
=l+e " (l+e "+ +...)
=1+e™ Z e
n=0
C —nits —1S = —n C —nits 1
e R
0 n=0 n=0 —e’
L[f(t)]= j f(T)e ”dT; e’ = ~Tdt
MAK312 ﬁtrol 38




Ornek;

Transformunu bulun.
fit)

G -

= c
w
S

L[f(t)] = ﬁ_‘-f(f)e_”d’[

Seklldekl fonksiyonun Laplace

MAKS312-Kontrol 39
f1)
! ! !ST/Z !
1 T/2
L[f(t)]= g {je—fdﬂ [ (=1)e ’dr}
l-e 0 T/2

1 o T/2 o T - 1 {e—sr/z _i_ L i - T/2:|

Ts e o -Ts . - gy Sy
l—e 5| —g : =s |, l-e s s s s

1 1 —sT —sT /2
— ;[ e +1}

1 1 ~sT/2\? _sT/2 :| 1 1 sT/27)?

— 2le F e —1
i s[( ) —2(e?) s ]
1 1 —sT/2
—|1-e
(1 - T/2)(1+e—sT/2) S[ :I
_sT/2

1l-er MAK312-Kontrol 40
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Ters Laplace Donusumu
(Inverse Laplace Transform)

1 1 i —sT
L [F(s)]zf(t)=gj j F(s)eds

« Buradaki ¢ sabiti F(s) in kutuplarinin hepsinden
blayuk secilir.

 Bu interal cok nadiren kullanilir. f(t) yi bulmak
icin daha basit yontemler vardir.

« Verilen F(s) fonksiyonu bilinen f(t)
fonksiyonlarinin laplace dontstmlerinin

bilesenleri olarak dusuntlir. Bircok laplace
fonksiyonu bu bilegenlerin tersi alinarak bulunur.

MAKS312-Kontrol 41

Parcali Kesire Genisletme Yontemi
(Partial fraction expansion method)

_B(s)
F(s)—A(S)

« Bu kesirlerin basit kesirler olmasi gerekir.

» deg[A(s)]> deg[B(s)]

« Eger degilse (bilesik kesir) basit kesire
cevirmek gerekir.

Primotl deg[A(s)] # deg[B(s)]
S

F(s)=1+l deg|A(s)]>deg|B(s)]
MAK312-Konttol 42




Parcali Kesire Genisletme Yontemi
(Partial fraction expansion method)

B(s)

EfS )=
. Eger F(s) birden fazla’parcaya ayrilabiliyorsa
ayrilmali ve bu parcalara denk dusen zaman
uzayindaki fonksiyonlarin toplami olarak
yazilmahdir.

Fisie Efs b Efs )t b FEis)
L[F(s)|=L[F(s)]+L[F(s)]+...+L[F,(s)]
Eiiar s ER S e

MAKS312-Kontrol 43

Parcali Kesire Genisletme Yontemi
(1) Farkh Kutuplar (Distinct Poles)

_B(s) _K(s+z)(s+2)...(s+2,) m<n

F(s)= =
Als) (s+p1)(s+p2)...(s+pn)
LR
s+p, S+p, s+ p,

- Burada a, (k=1... n) sabit sayilardir.
« 3, kalan (redidue olarak isimlendirilir.)
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Parcali Kesire Genisletme Yontemi
(1) Farkli Kutuplar (Distinct Poles)

a, d, a,
+ s
s+p, s+p, s+ p,
Bu denklemde esitligin her iki tarafini (s+p,) ile
carparsak ve sonugta s=-p, koyarsak a,

katsayilarini bulabiliriz.

F(s)=

[(s + pk)F(s)l:_pk =

+(s+p,)

al Cl2 + + M a, + + (S + p ) aZ
s+ p s+ p, ; % Ys+p,
S==py

(s+pk)

=ak
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Parcali Kesire Genisletme Yontemi
(1) Farkh Kutuplar (Distinct Poles)

» a, katsayilari bulunduktan sonra

i a -
i s e Ll{ e }zake n
S+ p, iz Yl

kullanilarak

Libis)=sflt)=ae " Hae ™+ . fae™ +. Yae”
elde edilir .
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Ornek 2:

s +3s° +5s5+1
s(s+1)(s+2)

F(s)= L'[F(s)]=7
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F(s)=

Ornek 3:

s+4
sS+s+1

MAKS312-Kontrol

L'[F(s)]=2
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Laplace Transform Pairs

Laplace Transform Properties

Time Domain Function Laplace Domain Name Illustration
Name Definition* Function f)«<E>F(s)
Unit Impulse 5(1) 1 Definition of Transform - .
1 F(s)=[ f(e™dt
Unit Step u(r) = Jo
i Linearity Af(6)+ Bf, (1) < T AF,(s)+ BF,(s)
Unit Ramp t = dr(t 3 -
s° First Derivative "T()%SF(S) = f(07)
1 dar
Exponential e 2
2 + a Second Derivative g _}:(i‘) L :F(‘S') —5f(07) - f(O_)
As}mptot}c l(l _ g—nr) 1 di
Exponential a s(s+a) . d"f(in . , S i Gl e
i 1 n" Derivative — «——>5"F(s5)— Z‘S TAEE(0T)
Dual Exponential g™ ) = dt i=1
b—a (s+a)(s+b) : 1
Asymptotic Dual L 1+ 1 (‘be—m _ae™ ) 1 Integral .'; f(A)dz ;F(S)
Exponential ab [ a—b" /] s(s+a)(s+b) - (FF(S')
. . 1 Time Multiplication if () ———
Time multiplied —at : ds
Exponential e (s+a) 2 ] L —as
Time Delay fl—au(t—a)«——e “F(s)
. o)
Sine sin(ar) 2ra’ Complex Shift f(He™ L5 F(s+ a)
. S (t) 1
Cosine cos(arn) 1o Scaling f| ; ‘%}r{F((l&)
\a)
- w . I
Decaying Sine e " sin(wr) m Convolution Property JO* (1 «—— F(5)F,(s)
S+a Initial Value }ill}f(f) =limsF(s)
Decaying Cosine e " cos(ar) 3 = P
- Gra) o Final Value lggf(f) = hEDIFF(S)
e Osci . —-aB . Bs+C ‘ -
CrenenBOsmHmor) o BCOS((UHTJ+ G sm[(ontj e
ecay I, @, (s +a ) +m,
Prototype Second , —ragt | .2 o
Order Lowpass, P € sin [ ,4f1-C7t ] %
underdamped y1-C : ST+HI0O5+ 0,
1 ot x| 2
I———=¢ ""sin|oJ1-Ct+
Prototype Second 1— \:3 [ = - q))
Order Lowpass, ) 2
underdamped —_—
5 s(s” +28m,5+0y) -Kontrol 50
Step Response




Parcali Kesire Genigletme Yontemi
(i) Tekrarlanan Kutuplar (Multiple Poles)

F(S)=S2+2s+3 F(S):i(S): b11+ bz 2+ b3 .
(s+1) (s) s+1 (s+1) (s+1)
Esitligin her iki tarafini (s+1)3 ile carparsak
(s+1) F(s)=(s+1) b+ (s +1)b, + b,
Bu esitlikte s=-1 koyarsak
[(s+1)3 F(s)] =%
[ +25+3] =b=2
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Parcall Kesire Genigletme Yontemi
(i) Tekrarlanan Kutuplar (Multiple Poles)

Esitligin birinci tlrevinde s=-1 koyarsak

= =[2(s+1)h, +192]S=_1 = b,

S S §=

Lli(s+1)3 F(S)Ll :di[(s+1)2 b+ (s+1)b, +b, |
[i(s2+2s+3)} =[2s+2]_ =0=b
dS o s=—1 2

Esitligin ikinci tirevinde s=-1 koyarsak

d’ 3 d’ 2
—(s+1) F(s) :F[Z(s+l) b+(s+1)b,+h | =[2n]_ =2
s=—1

2
{d—z(s2+2s+3)} =[2]_,=2=2h=b =1
ds s=—1 MAK312-Kontrol 52




Parcali Kesire Genigletme Yontemi
(i) Tekrarlanan Kutuplar (Multiple Poles)

Bk

s+1 (s+1)2 (s+1)3

Fis)=

— 1 0 2 -1 1 1 n-1 _-—at
- + 2 + 3 L = e
AEIE R iR e (s+a) | (n-1)!

1 2
= + -
s+1 (s+1)

1 2 |
-1 e -1 -1 it 2 3-1 Lt 1 2
ErifEe b=k [—S+1}+L {—(SH)J ks [1+72]

MAKS312-Kontrol 53

Matlab kullanarak parcali kesirlere
ayirma yontemi

_B(S):b(l)sm+b(2)sm_l+...+b(m)

F(s)= -
As) al)s"+a(2)s" +...+a(n)
numz[b(l) b(2) ... b(m)]
denz[a(l) a2 ) ... a(m)]
/r 7 k]\z\r‘esidue(num,den)
kalan kutuplar ~ Tam kisim
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! MATLAB 7.4.0 (R2007a)

File Edit Debug Deskkop ‘Window Help
(| ﬁ! .}ﬁ By E ) Cu ! =] ﬁ @ | @ !Current D\rectory:‘C:\,Documents and settingsikullanicBelgelerimiMATLAE V|E]
Shartcuts [2] How to Add  [#] What's New
Current Directory = O 2 x m [Command Window T
ok @ | Ii - 0 To get skarted, select MATLAE Help or Demos from the Help menu,
All Files « Type Size | Dl 55 pay=[1 -5 17 =6 -21;:
»» payda=[1 =10 31 —-30];
»> [r,p,k]=rezidue (pay,pavdsa)
r =
3.0000 4 3 2
e P B(s) s —8s +17s"—6s—2
z.0000 ( s ) - - 3 2
A(s) —10s” +31s-30
p =
S.0000
3.0000
Z.0000
k =
1 z
>>
< 1 > f—
' F(s)=s+2+ +
C d History w O a x 5 3 2
Fepapdas[ 1 -10 31, -301: ~ S + S + S +
[t,p,k]l=residue (pay, pavda)
ol
pay=[1 -8 17 -6 -z]
payda=[1 -10 31 -301: =
=~ [E,p, kK] =residue (pay, payda) o

2 MATLAE

! MATLAB 7.4.0 (R2007a)

Fle Edt Debug Desktop Window Help
(] D”‘! i B oo ! W E | - icurrent D\rectory:‘t:\,Documents and SettingsikullaniciBelgelerimMATLAE V|E]
Shartcuts [2] How to Add  [#] What's New
Current Directory + O # x |Workspace & d Window O x|
(g @ | Ii - 0 To get skarted, select MATLAE Help or Demos from the Help menu, x
Al Files « Type Siz¢ | D | 2> [pay,payda] =residue{[1 3 2],[3 5 21,[1 2]}
pay =
/ 1 -8 17 -6 -2 3 1 2
/ F(s)=s+2+ +
s+5 s+3 s+2
pavda =
1 =0 31 =30
ESS
4 3 2
F(s) B(s) s —8s'+17s7—6s—2
S )= =
3 2
A(s) —10s" +3|1s —30
< I | >
|Con1n1and History w02 X
[pay, payda] =residus ([12 3 5],[3 5 2.4
[pav,pavda]l =residue([1 3 5],[3 5 2]
[pay, pavda] =re=sidue ([1 3 2],[3 5 2]
pav=[1 -8 17
payda=[1 -10 31 -30] =
[r,p,K]l=residue (pay, payda)
i _= 17 — _e. >
£ | >
4\ Start




Lineer Zamandan Bagimsiz Differansiyel Denlem
Cozimu

(Solving linear, time-invariant differential equations)
» Elimizdeki lineer zamandan bagimsiz

denklemleri ¢6zmek icin su iki basamak

takip edilir:

— Verilen differensiyel denklemdeki her terimin
laplace transfoemu alini. Ortaya s’ye bagimli

bir cebirsel denklem cikar. Bu denklemde
bagimli degisken X(s) yalniz birakilir.

— X(s)'e ters laplace donusumu uygulanarak
zamana bagimli fonksiyon elde edilir.
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Dikkat

X(t) zamana bagimii sistem degiskeni olsun

Diferansiyel deklem sistemlerinde bu degikenin zamana gére
trevlerini kullanmamiz gerekebilir s

x(t) X(t) x(t)
Bu degdiskenlerin Laplace donusumleri:
L[x(t)]zX(s)
L[)'c(t)]st(s)—x(O)
L[i(t)]=s"X(s)—sx(0)—%0)

k-1 n-1

L[(;)(t)}:s"X(s)—s"_lx(O)—s”_z)'c(O)—...—s"_k )_C(O)—...— x(0)

L[()nc)(t )l s Z s 5 (0)
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Laplace Transform Pairs

Laplace Transform Properties

Time Domain Function

Laplace Domain Name Ilustration
; ﬁal}le DefifliTion"‘ Function F)E>F(s)
Unit Impulse S(1) 1 Definition of Transform - »
Unit S u(n) ! QS ( et
nit Step = C
i Linearity Af(6)+ Bf, (1) < T AF,(s)+ BF,(s)
Umt Ramp t = dr(t .
5 First Dertvative #% sF(s)— f(07)
1 ar
Exponential e 2
§ + a Second Dertvative d ffi) Ly ,S'JF(‘S-) = ‘s_f(O') = f(O_)
Asymptotic Z(l-e™) 1 di”
Exponential ’ s(s+a) . A" f(t . n o
1 1 n" Derivative —f”( ) «——s5"F(s5)— Z s"FEE0T)
Dual Exponential e ,_N) Y dr =l
b—a (s+a)(s+b) 1
Asymptotic Dual 1 4 1 (‘be—m _ae™® ) 1 Integral .‘; f(/)(f/ ;F(S’)
Exponential abl  a-b' 4 s(s+a)(s+b) - dF(s)
. - 1 Time Multiplication ()=~
Time multiplied _at ds
Exponential e (s+a)’ - i o
Time Delay fl—au—a)«——e “F(s)
3 <] . @ N
S sin{ar) St Complex Shift f(he ™ <Lt F(s+a)
. s (tYy
Cosine cos(ar) T o Scaling fl - ,‘%”F(m)
@ -

Decaying Sine

e~ sin(wr)

(s+a)’ +o°

Convolution Property

[O* ()« F(5)Fy(s)

Decaying Cosine

e " cos(mt)

S+da

(s+a)’ +°

Initial Value

lim f(#) =limsF(s)
=07 s

Final Value

Generic Oscillatory
Decay

—aB

e™| Beos(o,t)+

sin [(ont)}

Bs+C

(s+a) +o}

!im f= 1(11101.917 (s)

Prototype Second
Order Lowpass,
underdamped

u
@, ~Logt oo [ 17:2[]
o et sin [“o)naﬂ 't

[oN

n

T+ 2Lm,s+ oy

Prototype Second
Order Lowpass,
underdamped

Step Response

-2 — e ! sinEmnEI—qJ]

1-¢

n

(o)

s(s +2Lm,5+07)

-Kontrol
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V(t)+6¥+11y+6y =2t

Ornek 4:
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Y0)=y0)=y0)=0
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Ornek 5:

X(t)+2x+5x=1 x0)=0,x0)=2

MAKS312-Kontrol

61

SON

MAKS312-Kontrol

62




